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Integrable systems

An integrable system is a (system of) differential equation(s)
with too much structure.

Lax Pairs,
Bi-Hamiltonian structure,

Commuting flows — hierarchy,

“An integrable system is a system that | can solve but you
cannot.”
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Lagrangian PDEs

Lagrangian density L(v, v, Vi, Vit, Vats Vaocy - - )
Action § = /L dxdt

Look for a function v that is a critical point of the action, i.e. for
arbitrary infinitesimal variations dv:

0:58:/5L dxdt:/ZS—‘fav, dx dt
!
!

_ /E(—l)"' D, (g—‘fl) Sv dxdt
1

Euler-Lagrange equation:
oL oL
— = (-)p, (=)=
ov z/:( o <3Vl) °

A Variational Structure for Integrable Hierarchies Mats Vermeeren, TU Berlin



Introduction
ooe

Example of a Lagrangian PDE
Lagrangian density L = %vxvt — vf — %VXVXXX

Euler-Lagrange Equation:

oL oL
- = —1) el
Y Z( D (3V/)

1 1 1 1
- _é Dt(Vx) - 5 Dx(Vt) +3 DX(VE) + é DX(VXXX) + 5 DXXX(VX)

= —Vxt + OVxVix + Viorx

= Vxt = 6Vx Vix T Viexxx
Substitute u = vy to find the Korteweg-de Vries equation

U = OULy + Usxx.

A Variational Structure for Integrable Hierarchies Mats Vermeeren, TU Berlin



Introduction
ooe

Example of a Lagrangian PDE
Lagrangian density L=1 5VxVe — v3 %VXVXXX

Euler-Lagrange Equation:

o~ t-gro (2

1 1 1 1
:_5 Dt(Vx)_ED (Vt)+3D ( )+ 2D (Vxxx)+§Dxxx(Vx)

= —Vxt + OVxVix + Vioorx

= Vxt = 6Vx Vix T Viexxx
Substitute u = vy to find the Korteweg-de Vries equation

U = OULy + Usxx.
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Example of a Lagrangian PDE
Lagrangian density L=1 5VxVe — v3 %VXVXXX

Euler-Lagrange Equation:

o~ t-gro (2

1 1 1 1
= =5 De(1) = 5 Du(v) + 3Dx(v) + 5 D) + 5 D ()

= —Vxt + OVxVix + Vioorx

= Vxt = 6Vx Vix T Viexxx
Substitute u = vy to find the Korteweg-de Vries equation

Up = OULy + Uxxx-
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Example of a Lagrangian PDE
Lagrangian density L=1 5VxVe — v3 %VXVXXX

Euler-Lagrange Equation:

o~ t-gro (2

1 1 1 1
= _5 Dt(Vx) - 5 Dx(Vt) +3 DX(V)E) + 5 DX(VXXX) + § Dxxx(Vx)

= —Vxt + OVxVix + Vioorx

= Vxt = 6Vx Vix T Viexxx
Substitute u = vy to find the Korteweg-de Vries equation

Up = OULy + Uxxx.
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Example of a Lagrangian PDE
Lagrangian density L=1 5VxVe — v3 %VXVXXX

Euler-Lagrange Equation:

o~ t-gro (2

1 1 1 1
= _5 Dt(Vx) - 5 Dx(Vt) +3 DX(V)E) + 5 DX(VXXX) + § Dxxx(Vx)

= —Vxt + 6VXVXX + Vixxx

= Vat = OVxVx + Vixx
Substitute u = vy to find the Korteweg-de Vries equation

Uy = OUUy + Usyx-
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Pluri-Lagrangian systems
Multi-time RN, coordinates (tl, cey tN) = (X17 e Xd—1,tdy -, tN)
Field u: RN - R

Lagrangian d-form L(u, Uy, ..., Ut,, Utty, Utytys - - - 5 Utyt,)

Definition
A field u solves the pluri-Lagrangian problem for L if

> u is a critical point of the action [¢ L

for all d-dimensional surfaces S in RN simultaneously.

The differential equations describing this condition are called the
multi-time Euler-Lagrange equations.
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Stepped Surfaces
Definition

A d-dimensional coordinate surface is a surface S such that for
distinct iy, ... ,Iq and for all x € S we have

_ o) Ja)
T.S = span(ﬁ, e ﬁ)'

A stepped surface is a finite union of coordinate surfaces.

Lemma

If the action is stationary on every ;

stepped surface, then it is stationary
on every smooth surface.
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Multi-time Euler-Lagrange equations for curves
Theorem

The multi-time Euler-Lagrange equations for the Lagrangian
one-form L =", L;dt; are

% =0 VI % t;,
ouy

oiLi _ Gl w
6”/1‘,’ 5ultj ’

where i and j are distinct, and

5L OL: oL OL: oL;
S N(-1)9Df == = 2 —D; 2 4 D}
Suy Z( )" Di Oupe Ouy duyy, e uy2
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Multi-time Euler-Lagrange equations for curves
It is sufficient to look at a general L-shaped curve S = 5; U §;.
t

The variation of the action on S; is

/(5L dt,—/ Z—(su, dt; + Z( u/t,)

Si 15t;
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Multi-time Euler-Lagrange equations for curves

We have
/ 5L)dt,—/ Z—éu/dt, Z(&, ) .
Si 13 fti P
The other piece, S;, contributes
P
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Multi-time Euler-Lagrange equations for curves
We have

/5L)dt,—/z_5”/dt’ Z(éu/t, )

Si 13t;
The other piece, S;, contributes

/6L dtj—/z Jéu,dtj Z(gui{au,)
J

J 13t

Summing the two contributions we find

/5[, /Z—éuldt, /Z Jéu/dtj

Si 15t; T 1Zt;

51'1-1 )
=+ ou
Z (5Ult, 5UItj : p
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Pluri-Lagrangian systems the KdV hierarch
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Multi-time Euler-Lagrange equations for curves
Theorem

The multi-time Euler-Lagrange equations for the Lagrangian
one-form L =), L;dt; are

5,‘/.,'
1 —9 VI % t;,
(5u/
(5,‘L,’ _ 5ij V/,

5”’1’,‘ 6”/1.'!'

where i and j are distinct, and

ik S (-1 De oL _ 0L 0L o O

< = i i i
5U/ weN 8U/th 8u, 8ult,. 8U/ti2
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Multi-time Euler-Lagrange equations for 2d surfaces

Theorem
The multi-time EL equations for L =3, . L;dt; Adt; are
t.
djiLi 9
. / ti, tj,
5u) 0 VI Zt, t
5,‘jL,'J' 5ikLik
= VI # t;,
6U[tj 6U[tk %
gty Opdlp  dpelleg
i o CikEik | Ckitk _ g v,

5UIt,-tj 5UItJ~tk 5UItkt,~

where i, j, and k are distinct, and

OiiLjj 3
S o (—1)*** D¢ D]
6“/ Q%E:N a Ito‘lﬁ

oLy
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The Korteweg-de Vries hierarchy

KdV hierarchy:
up, = Dx(rifu])

ut1 = Uy
Upy = Uxxx + OUUK = Dy(uxx + 3u2)
Uy, = Uys + 20Uy Uy + 100ty + 3Ou2ux

= D, (s + 1002 4 100ty + 10u3)

Motivated by the first equation, we identify space with the first
time-coordinate: x = ty.
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The potential Korteweg-de Vries hierarchy
Potential v such that v, = u, glv] = rv«.

KdV equations become:
Vxt, = Dx(gk[v])
Lagrangian: Ly := %vxvt — hy, with h, = T1+2gk+1.

oLy

Sy = Vet Dx(g«[v])

PKdV hierarchy:
Ve, = 8k[v]
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Pluri-Lagrangian structure for PKdV hierarchy

Lagrangian two-form
L= Lidt;Adt,
i<j
with coefficients:

1
Ly =5Vt — h;

(the clasical Lagrangians)

1
Lij =5 (veg; — vygi) + (2 — aji) — 5(byj — by)
(Obtained from the fact that the flows are variational

symmetries of each other)
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Multi-time Euler-Lagrange equations

» By construction, the equations 61(;61" =0 are
Vxt; = Dx gi.
> The equation 5:;\2“ = 5(;’\2’ yields
Vi, = &i-

> All other Euler-Lagrange equations are corollaries of these.
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Example: the KdV hierarchy
[e]e]e] lele)

Multi-time Euler-Lagrange equations

» By construction, the equations 61(;61" =0 are
Vxt; = Dx gi.
» The equation 53’—‘21' = (ZJ—Z' yields
Vy, = 8i-

» All other Euler-Lagrange equations are corollaries of these.
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Multi-time Euler-Lagrange equations

The multi-time EL equations for the Lagrangian two-form
L =Y, Ljdt; Adt; with

Ly =5Vt = hi

Li =3(vi8 — vy81) + (a5 — ai)) — 3(by — bj)

are the PKdV equations
Vt,' = 8i,

and corollaries thereof.
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Multi-time Euler-Lagrange equations
The multi-time EL equations are the PKdV equations,
Vi, = 8i,
and corollaries thereof.

Surprisingly, our variational method produces first order evolution
equations. Discrepancy with:
» Classical Lagrangian formalism

» Discrete pluri-Lagrangian systems on quad graphs
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