A picture book of
geometric numerical integration

Mats Vermeeren

TU Berlin
Discretization in
Geometry and Dynamics
SFB Transregio 109

BMS Student Conference
17 February 2016



This is Bob



Bob likes to throw things




Bob would like to know the curve his projectiles describe
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Bob doesn't know how to solve differential equations




Bob doesn't know how to solve differential equations

Py y(t+e)—2y(t) +y(t —¢)
dx2 g2
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Now Bob can calculate!

Vi1 = 2k — Yk—1 — 2
120 -
i Given two initial points, say
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’ yo = 38 and y1 =55.1

80 /

20




Now Bob can calculate!
Vi1 = 2k — Yk—1 — 2
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I Given two initial points, say
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0 e Yo=38 and  y; =551
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80 - //‘ All the rest follow by simple calculations
e

o/ Y2 =2-551—38—2=702

20




Now Bob can calculate!
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Vi1 = 2V, — Yk—1— 2

Given two initial points, say

,d' Yo = 38 and y1 = 5b.1

/ All the rest follow by simple calculations

y»=2-55.1-38—2=70.2
y3=2-70.2—55.1—2 =833




Now Bob can calculate!

Vi1 = 2V, — Yk—1— 2

Given two initial points, say

Yo = 38 and 1= 55.1

All the rest follow by simple calculations

y2=2-
y3=2-
Ya=2-
Vs =2-
Yo =2-
yr=2-

Yg=2-
Yo=2-
Yio=2"

56.1 =38 —-2=70.2

70.2 —55.1 -2 =833
83.3-702—-2=944
94.4 —83.3 -2 =103.5
1035 -94.4 -2 =110.6
110.6 —103.5 — 2 = 115.7
115.7 — 110.6 — 2 = 118.8
118.8 — 115.7 — 2 =119.9
119.9 —118.8 — 2 =119
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What if Bob throws a little harder?




Great throw, Bob!
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Great throw, Bob!
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How to discretize ¥ = f(r)?

Fip1 — 20 + g

22
Fp1 — 20 + g
o2
Fip1 — 20 + g
o2
Mgl — 20 + g
o2
Fip1 — 20+ F g
22
Fp1 — 20+ r
22

= f(l’kfl)
= f(ry)
= f("k+1)
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lf i+ Ve
2 2

1

+ § f("k-s—l)

=(1—a)f (arg_1+ (1 —a)ry)
+ af (are + (1 — a)regq)



Fee1 — 20+ r
22

= f(rk_l)

¢ =0.05






Fee1 — 20+ r
22

= f(re)

¢ =0.05



Frp1 — 20+ F g
22

= f(re)

e=05
(large)



Fee1 — 20+ r
22

= f(res1)

e =0.05
(small)



Fp1 — 20+ Fi_y

e =0.05
(small)



rk+1 - 2rk + rk—l

=05

(large)



Frpr — 20+ Fi_y
-2

:gf Fr_1+rg
3 2

+ S f(res1)
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e =0.05
(small)






Fpr — 20+ Fi_y
22
=(1—a)f(ark1+ (1 —a)ry)

+ Oéf(Oél’k + (1 — Oé)l’kJrl)

1
with o = -
4

e =0.05
(small)



Fpr — 20+ Fi_y
22
=(1—a)f(ark1+ (1 —a)ry)

+ Otf(Oél’k + (1 — a)rkH)

1
with o = -
4

e=05
(large)



Fig1 — 20 + g
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Why are some discretizations so much better than others?

lf g+ res1
2 2

1

+ § f(rk+1)

=(1—a)f (arg_1+ (1 — a)ry)
+ af (are + (1 — a)regq)



Geometric numerical integration
Look for a discretization with the correct qualitative behavior:
» conserved quantities
» geometry of the orbit
> ..
instead of optimizing the local error.

— Leads to better results for long-time simulations.

Tools:

v

Hamiltonian/symplectic structure

v

Lagrangian structure

v

Reversibility
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Geometric numerical integration
Look for a discretization with the correct qualitative behavior:
» conserved quantities
» geometry of the orbit
> ..
instead of optimizing the local error.

— Leads to better results for long-time simulations.

Tools:

v

Hamiltonian/symplectic structure

v

Lagrangian structure

v

Reversibility
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Lagrangian mechanics

Given a Lagrange function £L: TRY = R : (y,y) = L(y,y), find
the curve y : [a, b] — RY, with y(a) =y, and y(b) = yp, that
minimizes the action

b
/ £(y(1). (1) dt




Lagrangian mechanics

A curve y is critical if for any infinitesimal variation dy

0—5/5 (1)) dt

bor oL
= j 6—6 +8—5 ydt

oL d oL oL b
—/a(ay‘dtay-)”d 3y,

Fixed endpoints = dy(a) = dy(b) = 0, so y is critical if it satisfies
the Euler-Lagrange equations

In the case of mechanics:

L = kinetic energy — potential energy

9
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Energy and momentum

Lagrangian systems conserve the energy

oL .

E = - L
3y

Indeed

dE _(doLy  oc. oL, 9L, (dOL OL\.
dt _ \dtdy ay’ "oy’ oy T -

(In the case of mechanics: £ = kinetic + potential energy)

d oL
» If L is translation invariant, oL then —8— =0 and the
6y dt Jy;
linear momentum p; = —— is conserved.

dy;

» If £ is rotation invariant, the angular momentum is conserved.



Discrete Lagrangian mechanics

Given a discrete Lagrange function

L:RIXRT SR (yke1, %) = L(yi—1. k),

find the discrete curve y : {0,1,..., N} — R, with y(0) = yo and
y(N) = yn, that minimizes the action

.
............
...........



Discrete Lagrangian mechanics
We can vary each y individually, so y is critical if for each j

N
0 0
0=>—> Lk-1.¥%) = 5 Lyj-1. %) + 7 L(yj: ¥j+1)-
ayj ; 6)’] J J 8)/1 J2 7]
Energy and momentum:
» Symmetries still give conserved quantities.

» No conservation of energy.




Variational integrators

Instead of discretizing the differential equation y = —U'(y),
discretize the Lagrangian £ = %y‘2 — U(y). For example:

2
L(yi—1,yx) = | 2222 — SU(yk-1) — 5U(v)
Yk+1 — 2Yk + Yk—1
= 22 = _Ul(yk)
Yk— }/k 1 2 _ Yi—1+Yk
L(yk—1,yk) = u 2
Yirr = 2%+ Y1 Lo (vica v 1 Ykt Y
” g2 =Y < p) ) 2V p)
2
L(yk—1,yx) = |2 — Ulay—1 + (1 — @)yk)
— 2V + Vi—
A — (1- )V (a1 + (1 - a)y)

—al'(ayk—1 + (1 — a)y)



Modified Equations

Given a differential equation and a discretization,

find a modified differential equation that interpolates solutions of
the difference equation



Modified Equations

If we start with a Lagrangian system and use a variational
integrator, then the modified equation is again Lagrangian:

Lonod(y,¥) = L(y,¥) + eLa(y,y) + €2Lo(y, y) + - .-

» This power series generally does not converge,

> but it explains why the error in energy stays very small over
very long time intervals.
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Variational integrators
» preserve momentum if the discretization respects the

symmetries,
» almost preserve the energy over very long time intervals.
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Further reading

[1] Hairer E, Lubich C, Wanner G. Geometric numerical
integration: structure-preserving algorithms for ordinary
differential equations. Springer, 2006.

[2] Marsden JE, West M. Discrete mechanics and variational
integrators. Acta Numerica 10, 357-514, 2001.

Bob wants to thank
you for your attention!
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