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Hamiltonian Systems
Hamilton function
H:RN=T*Q - R:(q,p)— H(g,p)

determines dynamics:

_OH . OH
~ Op; Pi= 0q;

qi

If H=31p? + U(q), then we find Newton's laws:
G=—p and  p=-VU(g)
Geometric interpretation:
» Phase space T*Q with canonical symplectic 2-form w
> flow along vector field Xy determined by tx,w = dH

> the flows consists of symplectic maps and preserves H.
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Poisson Brackets

Poisson bracket of two functionals on T*Q:

(fg)= Z(@f@g 8f8g>

dq; Opi  Op; Oq;

Dynamics of a Hamiltonian system:

G={aH}  bi={pH}  Fa.p) = {(a.p).H}
Properties:
anti-symmetry: {f,g} = —{g,f}
bilinearity: {f,g+ A\h} = {f, g} + M, h}
Leibniz property: {f,gh} = {f,g}h+ g{f, h}
Jacobi identity: {f,{g,h}} +{g,{h,f}} +{h,{f,g}} =0
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Liouville-Arnold integrability

What if H(p, q) = H(p)?
oH . OH

pj = _8_qj =0 and qj = 8_p, = wj(p) = const

Mats Vermeeren How to find a pluri-Lagrangian structure



Liouville-Arnold integrability

What if H(p, q) = H(p)?

OH . OH

pi=—--—=0 and gj = Fre wj(p) = const
)

A Hamiltonian system with Hamilton function H : R?N — R is
Liouville-Arnold integrable if there exist N functionally independent
Hamilton functions H = Hy, Ha, ... Hy such that {H;, H;} = 0.

» each H; is a conserved quantity for all flows.
> the dynamics is confined to a leaf of the foliation {H; = const}.
> the flows commute.
» There exists a symplectic change of variables (p, q) — (p, §) such that
H(p, q) = Hi(p)
Liouville-Arnold integrable systems evolve linearly in these variables!

(P, g) are called action-angle variables.
May 21,2010 647



Variational analogue of {H;, H;} =0

Integrable systems come in families: finite (for ODEs) or infinite (for
PDEs) hierarchies of commuting equations:

d d d d . .
= for time variables t1, to, . ..

dtdt; — dgde
On the Hamiltonian side, integrability is characterized by {H;, H;} = 0.
What about the Lagrangian side?
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Variational analogue of {H;, H;} =0

Integrable systems come in families: finite (for ODEs) or infinite (for
PDEs) hierarchies of commuting equations:

ii = ii for time variables t1, t;
dt; dtj N dtj dt; b

On the Hamiltonian side, integrability is characterized by {H;, H;} = 0.
What about the Lagrangian side?
Pluri-Lagrangian principle (d = 1)
Combine the Lagrange functions L;[u] into a Lagrangian 1-form
Llu] = Li[u] dt;.
Look for dynamical variables u(ty, . .I. , tny) such that the action
G = / £[4]
r

is critical w.r.t. variations of u, simultaneously over every curve I in
multi-time RV
May 21, 2010 7/47
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Multi-time Euler-Lagrange equations

Consider a Lagrangian one-form £ = Z Li[u] dt;

]

Lemma 7Q
If the action fsﬁ is critical on all stepped curves S
in RV, then it is critical on all smooth curves. |7_

Variations are local, so it is sufficient to look at a
general L-shaped curve S = 5; U §;.
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Multi-time Euler-Lagrange equations

oL;
(5/ L,‘dt,':/ LSu dt; ;
S; s; ; ou b
=/ Z E 0 dupe dt;
Si 17 azo QU
(5,‘L,’ (5iLi
:/ > oudti+ > ——du| t,
5,' I%t,‘ 5“’ | 5“/1’,‘ p

where | denotes a multi-index, and
SiLi i(_ )adi oL oL d a4 Bl
ouy N o dth 8ulth N ouy dt; 8UIt,- dtl-2 3U/t2

Multi-time Euler-Lagrange equations for curves, £ =", L;[u] dt;
JiC Oiki _ oikj
(5U/ a (5u/t,. a 5U/tj
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Example: Kepler Problem

The classical Lagrangian of a particle in the gravitational potential
1 1
Lila) = Slaul* + —

q]

can be combined with

Lo[q] = g1, - qr, + (qy, X q) - &,
into a pluri-Lagrangian 1-form L;dt; + Lpdt, and consider g = q(t1, t2).
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Example: Kepler Problem

The classical Lagrangian of a particle in the gravitational potential
1 1

Lilg] = Slan > +

2770 q|

can be combined with

Lo[q] = g1, - qr, + (qy, X q) - &,
into a pluri-Lagrangian 1-form Lidt; 4+ Lodty and consider g = q(t, t).
Multi-time Euler-Lagrange equations:

1Ly q . .
—=0 = == (Kepl t
5q i1ty PE (Keplerian motion)
daLp
5q =0 = dut, = € X Qg
0oL
22 -0 = dp, = e XxXq (Rotation)
5qifl
oilr bl
= dn =49
oqr, oqt, & &
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Pluri-Lagrangian principle (d = 2, continuous)

Given a 2-form

find a field u : RN — C, such that /E is critical on all smooth 2-surfaces
r

I in multi-time RN, w.r.t. variations of u.

Example: KdV hierarchy, where t; = x is the shared space coordinate, t;
time for i-th flow. (Details to follow.)
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Multi-time EL equations

Consider a Lagrangian 2-form £ = Z Lijlu] dt; A dt;.
ij
Every smooth surface can be approximated arbitrarily well by stepped

surfaces. Hence it is sufficient to require criticality on stepped surfaces, or
just on their elementary corners.
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Multi-time EL equations
for L = Z L,'J-[u] dt; A dtj

iJ
5ULﬁ
— =0 VI & t;, t;,
duy 7t
(5,'_,'L,'j Oi Lik

= VI 2 t;,
5U[tj 5ultk ¥
el Ol i
il b | Sk _ g V.

(SU[t'.tj 5ultjtk 5u/fkt,'

Where

dyLy o 4 df oLy
S Z; 16 46 Dy
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Example: Potential KdV hierarchy

ty — Q2 = Uyex + 3U)2(7
Uty = @3 = Ussoox + 10U Uy + 5U T ]-OU
where we identify t; = x.

The differentiated equations uy;, = d%Q,- are Lagrangian with

1 1 ,
Lo = Euxutg - §UXUXXX — Uy,
3 5
2 2 2 4
Liz = Euxut3 — Uy Uxsoox — 2Uxx Uk — EUXXX + 5uxuxxx + 5UXUXX + EUX'
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Example: Potential KdV hierarchy

ty — Q2 = Uyex + 3U>2(7
Uty = Q3 Ussooex + 10Uy Uyoe + 5U T 10U
where we identify t; = x.

The differentiated equations uy;, = d%Q,- are Lagrangian with
1 1
L12 = ZlUxUy, — EUXUXXX - Uia

2

L13 = 5ty = Uscthoooox — 2Uboxloonx — g&xx + 502 Uy + U, + gu;‘-
A suitable coefficient L3 of
L = Lipdt; Ndto + Lizdty Adtz + Loz dty Adts
can be found (nontrivial task!) in the form

1
L3 = 5(“@03 - Ut3Q2) + p23.
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Example: Potential KdV hierarchy

d12L12 013L13

=0 and

> The equations = 0 yield

d d
Uxty = &Cb and Uxty = &Qa.

d12L12  d32L32 01313 do3los .
= and = yield

» The equations
quati Oy Ouy, Sy duy,

U, = Q2 and Ut = Q37
the evolutionary equations!

» All other multi-time EL equations are corollaries of these.
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Closedness of the Lagrangian form
One could require additionaly that £ is closed on solutions
— "“Lagrangian multiform systems”.

Then the action is not just critical on every curve/surface, but also takes
the same value on every curve/surface.

We do not take this as part of the definition, because one can show
Proposition

dL is constant on the set of solutions.
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Closedness relates to other notions of integrability

dL,  dL;

If d L;dt; | =0, th —X ==

(Sute) o ma - 3
Variational symmetries

ti-flow changes L by a ti-derivative.
= Individual flows are variational symmetries of each other:

dL;  dLy  dLj
If d Ljdt; Adt; | =0, th b=
%,: s Nan T Ay dy
Variational symmetries
te-flow changes Lj; by a divergence in (t;, t;).
= Individual flows are variational symmetries of each other.

Idea: use variational symmetries to construct a pluri-Lagrangian structure
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Variational Symmetries and pluri-Lagrangian structures

1-forms [Petrera, Suris. 2017]

Given a mechanical Lagrangian L; and a number of variational symmetries,
we can construct coefficents L; such that the pluri-Lagrangian 1-form

Z L; dt;

describes the mechanical system coupled with its variational symmetries.

A similar result holds for Lagrangian 2-forms [Petrera, V. In preparation].

Given Lagrangians Lj; corresponding to the individual PDEs of a hierarchy,
such that each PDE is a variational symmetry for the other Lagrangians,
we can find also Ljj with i,j > 1 such that

Z L,'J' dt; A dtj.
iJj

is a pluri-Lagrangian structure for the hierarchy.
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Preliminaries

We think of the field u(t1, t2) as a section of the bundle R?(ty, t2) x R(u).
The derivatives of u live in the infinite jet bundle
Rz(t:h t2) X joo(ua ut17 ut’27 ut1t17 ut1t27 ut2t27 .. )

» A vertical generalized vector field on R?(t, t2) x R(u) is a vector field

of the form Q0,, where Q depends on v and its derivatives.

» The prolongation of QJ, is a vector field on the infinite jet 7
defined as

r(QD) = Y- (D1Q)

1eN2

(Motivation: describe the action of QJ, on a function of the jet 7°°.)
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Preliminaries

> QOJ, is a variational symmetry of L : J°° — R if its prolongation
satisfies
pr(QAy)L = D1F1 + DaoF

for some Fq, Fp : J°° — R, where D; is the total derivative w.r.t. t;.

> A conservation law for L: J*° — R is a triple J1, », Q@ : 7> — R
that satisfy

oL
D1/ +Dsb = —Q—.
ou

J = (4, )n) is called the conserved current Q is called the
characteristic of the conservation law.

On solutions: divJ = 0.
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Noether’s theorem for 2-dimensional PDEs

Theorem

Let QJ, be a variational symmetry of L, i.e. pr(Qd,)L = D1F1 + DaFp

Then
oL oL
J1=Z( 5%) ZDZ(DIQ) )—Fl,

13t

ult1t2
oL oL
b= D,Q —) D ( (D)Q) ) — F
i gt:l (( I )5”“-“2 Z ' : 5UIt1t2 2

are the components of the conserved current of a conservation law

i oL
Proof. Integration by parts of pr(Qd,)L = ZI:(DIQ)GU, to get
oL
pr(Qau)L = Qa + D1(~ .- ) + D2(. . )
hence

_Q =Dy(-+-— F) +Da(--- — Fy).
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From variational symmetries to a pluri-Lagrangian 2-form
Consider a hierarchy of PDEs
ui = Qi(u1, u11,...) i=2,...,N,
with their Lagrangians
Lii = p(u, v1, 11, .. )uj — h(u, ug, u11, .. .)

Assume that the prolonged vector fields pr(Q;0,), commute and are
variational symmetries of the Ly;:

pr(Qidu)L1; = D1A; + D;B;
Lemma
There exist Fj; such that
on solutions of the hierarchy

Sketch of proof. Show that ffooo DiLyj — DjLy;dt; = 0. [ |
May 21, 2010 25/47



From variational symmetries to a pluri-Lagrangian 2-form

Lemma

There exist Fj; such that D;Fjj = D;L;; — DjL;; on solutions of the
hierarchy

Theorem
For i,j > 1, let
01jLy;j 51,'/-1, o
Lyl = 3 5EADR( - @)~ 1 5 DR - Q)

a>0 a>0

+ F,-j(u, UL, Ui, .- .)
Then every solution of the hierarchy
ui = Qi(u1, u11,...) i=2,...,N,
is a critical point of
Llu] = Lylu]dt Adt;.

i<j
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From variational symmetries to a pluri-Lagrangian 2-form

Theorem

oy;L JHEY
Lyl = 30 5 Di (= @) = 3 5Dy = @)
t

a>0  t a>0

aF FU(ua ui, uiy, .. )

Sketch of proof. Show that d£ attains a double zero on solutions of the
hierarchy.

Then, on solutions:
d (Dpr(van) £) = Dpr(va,ydL = 0,

where © is the Lie derivative. Hence locally there exists a 1-form © such

that
2 Dor(von Lo = dO

so for variations vd, that vanish on Ol we find

/@pr(vau)ﬁ =0, [ ]
r
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Example: Potential KdV hierarchy

U = Q = 3uf + ui1,
= Q3 = 10u1°’ + 5U%1 + 10uyu111 + Ur1111-

The corresponding Lagrangians are

1
Lip = Stz — u — 5t
1 5

1
Liz3 = —uu ——u4+5u1u2 — 202
e 11— 5t

On solutions of the evolutionary equations, there holds

Dal1z — D3lip = —10udt1p + 10us 1 un12 + 502 u12 + 3uiuis
— uur11tii12 + %Ul U113 + %U111 u13 — %U13U2 + %Ulz u3
= 15u‘11u11 + 135w ufl + 21Ou%u11 Uil + 25ufu1111
— 18up1uy + 17511%1 U111 + 341 U111 u1111
+ 33w ur1u11111 + B 211111 + 3111111111

- U111U111111 + 5 U1U11111111
T ——



Example: Potential KdV hierarchy
Integrating
Doly3 — D3lip = 15uf gy + 135uluf1 + 210ufury un11 + 2503 U111y
- 18Ull“111 + U11U1111 + 34u1u11101111
+ 33uyuiunin + Befuii + S
— up1tui11111 + Ut
gives
Fas = 3u} + 135 v2u? + 2503 up1y — 275U51U111 + Tuu?y; + 20U1U11U1111
+ %U%Lllllll + JU2111 — U111 — SU11U111111 + 5 U1 01111111
Now we can calculate the coefficient L,3 as

d13L o12L
Ly — 13L13 (1 — 12L12

Sy Q2) — Sy T(us — @)+ Fa3
a>0 1 a>0 1
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Example: Potential KdV hierarchy

The first two equations of the potential KdV hierarchy have a
pluri-Lagrangian structure

L= Lipdty ANdiy + Lizdty Adtz + Lysdir Adts
with
Lip = 3uiwp — uf — Juyunaa,

1 5 4 2 1,2

Lo3 2

2
— 6ururtuiin + 5 U1 U11111 + 10w ur1u12 — 2U11U2 —Suru11102

+ 3U%Ug 1

1 1
+ Ur111U12 — 3011013 — FU11111U2 + 5 u111U3

For any n we can construct a Lagrangian 2-form in n dimensions,

describing n — 1 equations of the hierarchy.

Mats Vermeeren How to find a pluri-Lagrangian structure May 21, 2019
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Further examples
Nonlinear Schrodinger hierarchy
uy = QQ = iU11 — 2i]u]2u, L72 = QQ = —fﬁll aF 2i|t7|2L_I,

uz3 = Q = U111 — 6|u|2u1, 03 = Q3 = 0111 — 6|L7|2l717
with Lagrangians
i _ _
Lio[u] = 5 (upl — uiipy) — |u1|2 — |u|4,
i _ _ i _ _ 3i, o _ _
Lisfu] = 5 (usd — uiz) + 5 (u11th — w1 l11) + E|u| (b0 — uiy)

Slight generalization needed to deal with 2-component Lagrangians:

013L 010
Ly =3, 5, Di(2 = @) = 3 5 ZDi (1 — Qu)
a>0 "t a>0 "t
ulis o A ool A
51_3 13D‘f‘(Uz — @) — 512 2D (s — Qs) + Fas
a>0 aso et
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Further examples

Sine-Gordon and the potential modified KdV hierarchy
Uip = sinu

1
u3 = @3 = ug11 + Euf’,

with Lagrangians

1
L12[u] = —ujup — Cos u,

2
1 1
_ 4 2
Liz[u] = JU1s — Ui + UL
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Further examples

Sine-Gordon and the potential modified KdV hierarchy
ujp = Dng =sinu

1
u3 = @3 = ug11 + Euf’,

with Lagrangians

1
L12[u] = EU1U2 — COos u,

1 1
L13[u] = EU1U3 — guf T EU%I,

Slight generalization needed because Sine-Gordon is not evolutionary:

013L13
(Sutijd»l

d1oL
DY (u2 — Q) — 1212 Y(us — Q3) + Fo3

L3 =
0520 5Utix+1

a>1
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Quad equations

Q(U7 U17 U27 U127 )\17 )\2) =0

Subscripts of U denote lattice shifts, A1, As v v
are parameters.
Invariant under symmetries of the square, A2
affine in each of U, Uy, Us, Uss. A
U U1

Integrability for systems quad equations:
Multi-dimensional consistency of

Q(Ua Uia UJ7 UU7)‘I7>\J) = 07

i.e. the thrunderee ways of calculating U3
give the same result.

Classification (under some extra assumptions) A3
by Adler, Bobenko and Suris (ABS List). Utz
Example: lattice potential KdV: U

(U — U12)(U1 — U2) —A1+X=0
S —
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Pluri-Lagrangian structure for quad equations
For some discrete 2-form
L(Oy) = LU, Ui, Uj, Ui, Aiy Aj),

the action Z L£(0) is critical on all 2-surfaces I in NV simultaneously.
Oer

To derive Euler-Lagrange equations: vary U at each point individually.
— It is sufficient to consider corners of an elementary cube.
[Lobb, Nijhoff. 2009]
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Miwa shifts

Naive continuum limits of quad equations do not lead to integrable PDEs.

Continuum limit of an integrable difference equation

Skew embedding of the mesh ZN into multi-time RV
Discrete @ is a sampling of the continuous g:

Q= Q(I’I) = Q(tl, to,..., tN)a
2

X Y.
Qi=Q(n+¢)=gqg t1—2)\i7t2+27,---,tN+2(—1) N

[Miwa. On Hirota's difference equations. Proceedings of the Japan Academy A. 1982]

Write quad equation in terms of g and expand in A;.
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Continuum limit of H1 (lattice potential KdV)

1 1 1 1 1 1
—+—4+U - U | ———+U-UV)=5—-—== IpKdV
(rrmrua-v) (R-sre-u) =5 e

This is a well-chosen representative of H1 out of many equivalent forms.

Often one finds it written as (X — X12)(X2 — X1) = a1 —
Miwa shifts

U=U(n) =u(ts, t2,...,tn),

22 AN
U, = U(I‘I aF e,') = u(tl — 2\, tr + 2?', R 2(—1)”W’)
Plug into (IpKdV) and expand in A1, Ao.
In leading order everything cancels due to very specific form of quad eqn.
Generically we would have an ODE in t;, e.g.

(X = X12)(Xo — X1) = A2 — A3 = 4(A1 + Xo)xe (A1 — Xo)xy = A2 — A3

2 1
= Xx; =3
Mats Vermeeren How to find a pluri-Lagrangian structure
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Continuum limit of H1 (lattice potential KdV)

Series expansion

4 .
Quad Equation — Z i fijlu] M, =

iJ
4 .
where f; j = —f; ; and the factor — is chosen to normalize the f; ;.
i
First row of coefficients:
fb,l = —Ug,
2
foo = —3ug — unnn — 5t + U,
4
fb,3 = 8Ut1 Ugt + 4Ut1 Uy, + §Ut1t1t1t1 - §Ut1t3 — Utyt, — Uy,
5 0 5, 10
foa = —Supy — FUnttnn + 100y une, + Sty — Uy, — S U U,
5 5 5
—Untititit; T SUntitit, T Uttty — 7 Uty — S Utyts T Ut

3
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Continuum limit of H1 (lattice potential KdV)
Setting each f;; equal to zero, we find

uy, =0,

Uy = ?:uf1 + Uttty

uy =0,

13 2
ur, = 10uz, + 5uf e + 10us Uty + Unttn

— pKdV hierarchy

Whole hierarchy from single quad equation

using Miwa correspondence

U=U() = u(ty, t2,...,tn),

A2 P
U,- = U(n+ei) = u(tl —2)\,’,t2+2?I,...,tn+2(_1)nwl)
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Continuum limit of the Lagrangian
» Using Miwa correspondence:
Discrete L —  Power series Lqjsc[u(t)]

Action for Lgisc[u(t)] is still a sum.

» Two applications of the Euler-Maclaurin formula:

B;B;
['Miwa([u]»)\la)Q) = Z Jalajcdlsc([u] )‘17>‘2)
720 . !

where the differential operators are 0y = ZJ ((—1y*t 2%

Jj dtj

» Then there holds Ldisc(D) = /’ EMiwa([u(t)], A1, /\2) m A\ 12,

where 11 and 7, are the 1-forms dual to the Miwa shifts.
This suggests the Lagrangian 2-form
> Latiwal[ul Ais Aj) mi A .
1<i<j<N
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Continuum limit of a Lagrangian 2-form

L(U, U, U, Uiz, A1, A2) Suitable choice = leading order cancellation

Miwa shifts, Taylor expansion

»Cdisc([u]a >\17 )‘2)

Euler-Maclaurin formula

- XX,
Latiwa([u], A1, A2) = Z( 1)””4 2£u[ u]
ij=1
> Lasiwal[ul, A A mi A = > Lijlu]dt; Ady
1<i<j<N 1<i<j<N
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Continuum limit of the Lagrangian for H1

Lagrangian for (IpKdV)

0 J J

Ui— U
2 y-2 i~ Y
+ (-2 Iog(l i Aﬁ) .

A well-chosen representative among many equivalent Lagrangians.

L(O) = % (U— Ui,j—A-_l—)\._]') (U,-— UJ'"‘A,'_I—)\-_I)

Continuum limit procedure:

» Miwa correspondence:

U=U(n)=u(ts, to,...,tn),

22 AN
Ui=Un+e) = u<t1 — 2\ b+ 25t 2(—1)”,\’,>

> Series expansion

» Euler-Maclaurin formula
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Coefficients (after some post-limit simplifications)

_1 3, 1,2 |1
L1 = 5u1u2 L13=—uj + 5u5; + su1U3
1 5,4 2 1,2 1
L14= sl L5 = —3u7 + 50Uy — 5ufyy T 5U1Us
2 1
Lo3 = —3uiur + u1u12 — U111l + SU2U3

Lo4 = Fusus

Los = —10u3us + 10uruniurn — S5udjup — 10w — tpa1uain +
U1111U12 — U1111142 + %Uzus

L34 = —u11t14 + 3U3U4

L35 = 18u? + 30ufu111 - 1OufU3 + 6u%1 u111 +8uy “%11 —6buiui1u111 +
3U%U11111 + 10U1U11U13 — 5U%1U3 — 10U1U111U3 — %uflll +

1
U111U11111 — Y1110113 + U1111013 — U11U15 — U11111U3 + 5U3Us

_ 3 2
L4s = —10ujus + 10uiuriuig — Sufjus — 10uun1us — vrritns +

1
U1111U14 — U11111U4 + 5UaU5
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Coefficients (after some post-limit simplifications)

1
L1 = 5u1lp L13= U1 + 32+ duus
1 1 1
L14 = 5U1Ug ,61,5 = —§U1 + 5u1u11 — Eulll +5uU1Us
2 1
Lo3 = —3uiup + u11U12 — U112 + FU2U3

Los=turuy

Los = —10ufu + 10U1U11U12 — 50 up — 10w ur11Us — Uriita1e +
uir11ti2 — U11111d2 + 5 U2U5

L34 = —u11U1a + Susuy

£375 = 18Uir) + 30U%U111 — 1OU%U3 + 6U%1 ui11 +8uy u%ll —6buiuriu111 +
3U%U11111 + 10uu1u13 — 5u%1U3 — 101103 — lu%nl +

U111U11111 — U1110113 + U1111013 — U11U15 — U11111U3 + 5 U3U5

3 2
Las = —10u7us + 10U1U11U14 — Sufjus — 10uiur11us — uri1U114 +

U1111U14 — U11111U4 + 5 U4U5
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Continuum limits of ABS equations

Q15—

Qls=1

Q2

Q35-0

Q35=1

Q4
H1

H3s5-0

%

_)

—

V3

V3

V3

V3

V3

V3

V3

V3

3viy
Villr — S
2V1
1
3 V121 vy
Viin — = v
1
1
3 V121 — 2
Vil — 57y
1
2 1
3vii — 3z
Vil — 57y
1
2 1
3vii — 3
Vil — 5 v
1
1
3vii— 3
Vil — 57y
1
2
vi11 + 3vg

15
vii1 + Evl

All with their hierarchies
Mats Vermeeren How to find a pluri-Lagrangian structure

3v

2 v2

1

2"

1s 3 v
21 2sin(v)?
3

E (2V)V1

Schwarzian KdV

Krichever-Novikov

Potential KdV

Potential mKdV
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Conclusions

» The pluri-Lagrangian (or Lagrangian multiform) principle is a widely
applicable characterization of integrability:

It applies to integrable ODEs and PDEs, and to integrable difference
equations of any dimension.

» (Almost-)closedness of the pluri-Lagrangian form, i.e. d£ = const is
related to variational symmetries.
» Tools to construct pluri-Lagrangian structures:
» Variational symmetries
» Continuum limits
» Open questions:
» Pluri-Lagrangian 3-form systems
> Precise relation to (bi-)Hamiltonian structures
>
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Thank you for your attention!
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