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Motivation 1: variational analogue of {H;, H;} =0

Integrable systems come in families: either finite (classical mechanics, . ..)
or infinite (Toda lattice, KdV equation,...) hierarchies of commuting
equations. Each individual equation is Lagrangian/Hamiltonian.

On the Hamiltonian side, integrability is characterized by {H;, H;} = 0.
What about the Lagrangian side?
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Motivation 1: variational analogue of {H;, H;} =0

Integrable systems come in families: either finite (classical mechanics, . ..)
or infinite (Toda lattice, KdV equation,...) hierarchies of commuting
equations. Each individual equation is Lagrangian/Hamiltonian.

On the Hamiltonian side, integrability is characterized by {H;, H;} = 0.
What about the Lagrangian side?

Pluri-Lagrangian principle (d = 1)

Combine the Lagrange functions £; into a Lagrangian 1-form

L= Lidt.

Look for fields u : RN — C that minimize the action

5= [ £
r

simultaneously over every curve I in multi-time RV
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Motivation 2: understanding quad equations

Quad equation on Z?:
Q(U, U, Uz, Ur2,01,00) = 0

Subscripts of U denote lattice shifts,
o1, p are parameters.

Q@ invariant under symmetries of the
square, affine in each of U, Uy, U, Uys.

Integrability for systems quad equations:
Multi-dimensional consistency of

Q(Ua Ui7 Uj, Uij7ai’aj) = 07

i.e. the three ways of calculating Ujz3
give the same result.

Us

Uio

a2
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U

U2s

Ul 3
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Motivation 2: understanding quad equations

» Classification multidimensionally consistent quad equations in the
ABS list.

[Adler, Bobenko, Suris. Classification of integrable equations on
quad-graphs. The consistency approach. Commun. Math. Phys. 2003.]

» Variational formulation in which the Lagrangian is “an extended
object capable of producing a multitude of consistent equations”
— i.e. defined in the higher-dimensional lattice

[Lobb, Nijhoff. Lagrangian multiforms and multidimensional consistency. J.

Phys. A. 2009]
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Pluri-Lagrangian principle (d = 2, discrete)
For some discrete 2-form
L(oj) = L(U, U;, Uj, Uy, ai, ),
find a field U : ZN — C such that the action
Zo;jes L(oj)

is critical on all discrete 2-surfaces S in ZN simultaneously.

» EL equations obtained from corners of cubes.

» All ABS equations can be described this way.
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Pluri-Lagrangian principle (d = 2, continuous)
Given a 2-form

L= Zi,j L,-j[u] dt; A dtj,

find a field v : RV — C, such that /E is critical on all smooth 2-surfaces
r
I in multi-time RV.

How to calculate Euler-Lagrange equations? Unlike the discrete case there
are no elementary building blocks of smooth surfaces.
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Multi-time EL equations

Consider a Lagrangian 2-form £ = Z Lijlu] dt; A dt;.
iJ
Every smooth surface can be approximated arbitrarily well by stepped

surfaces. Hence it is sufficient to require criticality on stepped surfaces, or
just on their elementary corners.
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Multi-time EL equations
for £ =737, Llu]dt: Adt;

8Ly
— =0 VI Z tj, t;
(5”[ % 15 &)
(5,'j/_,'j Oik Lik
Sy Cikcik EST
6ultj 6ultk ; :
Sily Sl Okili
- = vl
6u/t,'tj 5ultjtk 5ultkt,'
Yhere Sili = d* d° oL
U inl/ ZZ(_l)aJrﬁ__ L
duy 5=0 5=0 dt?‘ dtjﬂ 8”/1*;15.3

[Suris, V. On the Lagrangian structure of integrable hierarchies. In Al Bobenko
(ed): Advances in Discrete Differential Geometry, Springer. 2016.]
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Continuum limit of H1 (lattice potential KdV)

1 1 1 1 1 1
S T4 U U [ -t -U ) == - = (IpKdV
<A1+A2+ 12 )(h A1+ ) 1) X x (IpKdV)

This is a well-chosen representative of H1 out of many equivalent forms.

Often one finds it written as (X — X12)(X2 — X1) = a1 —

Method by Wiersma and Capel produces the pKdV hierarchy from (IpKdV)

They used an differential-difference equation as intermediate step. Here
we will present the same limit in a single step.

[Wiersma, Capel. Lattice equations, hierarchies and Hamiltonian structures.
Physica A. 1987]
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Continuum limit of H1 (lattice potential KdV)

Miwa shifts

Skew embedding of the mesh ZN into multi-time RV
Discrete U : ZN — C is a sampling of the continuous v : RN — C:

U= U(n) = U(tl, to,..., t',-,)7

A2 i
Ui=Un+e¢) = u(tl — 2\ 427t + 2(‘1)"W'>

[Miwa. On Hirota's difference equations. Proceedings of the Japan Academy A. 1982]

1 1 1 1 1 1
Plug into | — + — — S — — == — =
ug into <)\1 + % + Urp U> <)\2 N + Us U1> )\% )\%

and expand in A1, Ao.

In leading order everything cancels (due to very specific form of quad eq).
— generically we would have an ODE in t;.
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Continuum limit of H1 (lattice potential KdV)

Series expansion

. 4 P\
Quad Equation — Z/_ fi jlu] AN, =0,
i U
4 .
where f; j = —f; ; and the factor — is chosen to normalize the f; ;.
y
First row of coefficients:
fO,l = —Uy,
2
f’0,2 — _3ut1 - utlt]_t]_ - Eutltz + Ut3,
4
ﬂ),3 = 8Ut1 Uy, + 4ug Uy, + §ut1t1t1t1 - §ut1t3 — Uty — Uy,
0 5 10
2 2
foa = =Sy — FUnUnnn + 100y Une + Sty Uy — JUp, — 5 Uy U,
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Continuum limit of H1 (lattice potential KdV)
Setting each f;; equal to zero, we find
Ut2 = 0,

_ 2
U = 3ut1 + Uy iy

Ut4 = 0,

_ 3 2
U, = 10ut1 + 5ut1t1 + 10ut1 Uty + Uy titititr

— pKdV hierarchy

Whole hierarchy from single quad equation

using Miwa correspondence
U=U(n)=u(ts, to,...,tn),
A2 AN
U=Un+e)= u<t1 — 2\, to + 2?’, U 2(—1)”W’)
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Continuum limit of the Lagrangian for H1

A Lagrangian for (IpKdV) is

J J

Ui - U
2 -2 i j
+ (A2 = A72) log (1 i Aﬁ) .

0= 2 (0t %) -y - 7)

Again this is a specific (and non-standard) choice among the many
equivalent Lagrangians.

Using Miwa correspondence:

Discrete L —  Power series Lgjsc
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Continuum limit of the Lagrangian

A series expansion is not the end of the story here. The action would still

be a sum:
S=> LO) = Y Lasc[u(point in O)].

Oeo Oeo
We want an integral
5:/£.
g

Euler-MacLaurin formula

>et)-[e t)dt+2 % (9(n) ~ 80-9(0))

~ [ (et0+ Z 01 )ar

where the B; are the Bernoulli numbers 1, —%, %,0,—%,0,---
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Continuum limit of the Lagrangian

B;B;
Lutiwa([u], A1, A2) = Z Jalajﬁdlsc([u] A1, A2).
ij=0
i X, d
where the differential operators are 0y = Zl( 1ytiok j g
J:

Then there holds

Lawe(T12) = /_ Latwa([U(E)]; As, Aa).

Theorem
)\’ X
: 2
Write  Lytiwa([t], A1, A2) = Z L2 L),
i,j=1 J
then L= Z Lijj[u]dt; Adt; s a pluri-Lagrangian structure.
1<i<j<n
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Continuum limit of the Lagrangian
Theorem
. Y )\
Write  Lagiwa([], A1, A2) = Z ; 22 £5i{ul,
ij=1
then L= Z Ljjlu]dt; Adt; s a pluri-Lagrangian structure.
1<i<j<n
Proof (sketch).

> In the 2-form, L;;[u] corresponds to t; and t;,

> t; and t; correspond to A} and )\é under Miwa shifts.

Discrete and continuous action agree:

/ Z if Igisc — I under the Miwa correspondence.
rdlSC

These I form a sufficiently large class of surfaces to derive the multi-time

EL equations.
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Coefficients (after some post-limit simplifications)

_1 3, 1,2 |1
L1 = 5u1u2 L13=—uj + 5u5; + su1U3
1 5,4 2 1,2 1
L14= sl L5 = —3u7 + 50Uy — 5ufyy T 5U1Us
2 1
Lo3 = —3uiur + u1u12 — U111l + SU2U3

Lo4 = Fusus

Los = —10u3us + 10uruniurn — S5udjup — 10w — tpa1uain +
U1111U12 — U1111142 + %Uzus

L34 = —u11t14 + 3U3U4

L35 = 18u? + 30ufu111 - 1OufU3 + 6u%1 u111 +8uy “%11 —6buiui1u111 +
3U%U11111 + 10U1U11U13 — 5U%1U3 — 10U1U111U3 — %uflll +

1
U111U11111 — Y1110113 + U1111013 — U11U15 — U11111U3 + 5U3Us

_ 3 2
L4s = —10ujus + 10uiuriuig — Sufjus — 10uun1us — vrritns +

1
U1111U14 — U11111U4 + 5UaU5
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Coefficients (after some post-limit simplifications)

1
L1 = 5u1lp L13= U1 + 32+ duus
1 1 1
L14 = 5U1Ug ,61,5 = —§U1 + 5u1u11 — Eulll +5uU1Us
2 1
Lo3 = —3uiup + u11U12 — U112 + FU2U3

Los=turuy

Los = —10ufu + 10U1U11U12 — 50 up — 10w ur11Us — Uriita1e +
uir11ti2 — U11111d2 + 5 U2U5

L34 = —u11U1a + Susuy

£375 = 18Uir) + 30U%U111 — 1OU%U3 + 6U%1 ui11 +8uy u%ll —6buiuriu111 +
3U%U11111 + 10uu1u13 — 5u%1U3 — 101103 — lu%nl +

U111U11111 — U1110113 + U1111013 — U11U15 — U11111U3 + 5 U3U5

3 2
Las = —10u7us + 10U1U11U14 — Sufjus — 10uiur11us — uri1U114 +

U1111U14 — U11111U4 + 5 U4U5
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Other equations
U2—UU1,2—U1 U1—UU1,2—U2

Q1: — =0
A2 A2 A1 A1
produces the Schwarzian KdV hierarchy
U
% _,
Ut1
2
& . 3ut1t1 utltltl
— T 5 2 )
Ug, 2U%1 Uy
Ut
L. R 0,
Ut1
4508, 2502, u 5u? 5
Uus tity nntnng titity Ut Uittt | Uity
- - - 5
Uy, 8ug, 2u?1 2u?1 u% Ut

including a pluri-Lagrangian structure
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Other equations

» H3s5—o: produces the potential modified KdV hierarchy

But so far, no Lagrangian has been found that allows a series
expansion.

» No results for other ABS equations at this moment.

» 1-form example:

Fully discrete Toda lattice:

% (eak,Qk B er—gk> Y (eQr@k,l _ egm—Qk) —0.

where ~ and - denote forward and backward shifts.
— Toda hierarchy  (qx)t1, = €17 %k — @Ik~ k—1

(qk)t2 f ((qk)t1)2 _'_ er+1*Qk + eqkiqkfl
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