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Variational analogue of {H;, H;} =0

Integrable systems come in families:

finite (classical mechanics, ...) or infinite (Toda lattice, KdV
equation,...) hierarchies of commuting equations.

On the Hamiltonian side, integrability is characterized by {H;, H;} = 0.
d

. . . ..dd _ dd
Consequence: ODEs for H; and H; commute: a5 dg = dgdt

What about the Lagrangian side?
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equation,...) hierarchies of commuting equations.

On the Hamiltonian side, integrability is characterized by {H;, H;} = 0.
d

. . . ..dd _ dd
Consequence: ODEs for H; and H; commute: a5 dg = dgdt

What about the Lagrangian side?
Pluri-Lagrangian principle (d = 1)
Combine the Lagrange functions £;[u] into a Lagrangian 1-form

,C[U] = Z E,—[u] dt;.

Look for fields v : RN — C that minimize the action

Sr:/ﬁ
r

w.r.t. variations of u, simultaneously over every curve I in multi-time RV
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Multi-time Euler-Lagrange equations

Consider a Lagrangian one-form £ = ZE;[U] dt;

]

Lemma 7Q
If the action fsﬁ is critical on all stepped curves S
in RV, then it is critical on all smooth curves. |7_

Variations are local, so it is sufficient to look at a
general L-shaped curve S = 5; U §;.
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Multi-time Euler-Lagrange equations

The variation of the action on S; is t

oL;
5/5i£idti_/.28u/

5L
/Z&” /dt,+Z

I lgt ultl P

where | denotes a multi-index, and
Sili d* ac; oL, d ac; d? oL;
pr— —1 ai p— _——— —_—
duy Z( ) dt,-a aulth ouy dt; 8u,t,. * dt‘i2 8u,t_2

Multi-time Euler-Lagrange equations for curves, £ =Y. £L;[u] dt;

0;iL; 0L; 0L
Su =0 VI 3 t; and Sun 5J—J Vi,

uj Ult; up;
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Example: Kepler Problem

The classical Lagrangian of a particle in the gravitational potential
1 1
Li[q] = §|Qtl|2 +

|q|

can be combined with

Lo[g] = qt, - qr, + (g1 % q) - e,
into a pluri-Lagrangian 1-form £1dt; + Lodt, and consider g = q(t1, t2).
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Example: Kepler Problem

The classical Lagrangian of a particle in the gravitational potential
1 1

Lilq] = Slan P + =

2770

can be combined with

L>[q] = qt, - G, + (q1 % q) - €,
into a pluri-Lagrangian 1-form £idt; + Lodty and consider g = q(ty, t).
Multi-time Euler-Lagrange equations:

01L1 . )
=0 = = - Kepl t
5q Atity PE (Keplerian motion)
0oLo
W:O = A4ny, = €Xq1
0oL
22 -0 = q, = e xq (Rotation)
5qt1
0Ly 6L
= = =
5qt1 6qt2 qt1 qt1
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Discrete pluri-Lagrangian principle (d = 1)
Q:ZN — M and L a discrete 1-form: L(Q;, Q,)\,-) = —L(Q, Q,-,)\,-)

Aj Aj Aj
Ai
Q-ij |Q Qi j
Ai
Q- Q Qi
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Discrete pluri-Lagrangian principle (d = 1)
Q:ZN — M and L a discrete 1-form: L(Q;, Q, )\,-) = —L(Q, Q;,)\,-)
Aj Aj Aj

Q-ij |Q; Qi j

Q—j Q Qi

Discrete pluri-Lagrangian principle
Action sum is critical along any discrete curve in the lattice.

Discrete multi-time Euler-Lagrange equations

0. 0 O aaQ (L(Q_r, @A) + L(Q. @1, \)) = 0

Q; 9
20 (L(Q; Q, ) + L(Q,Qi,A\i)) =0
Q Qi
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Discrete pluri-Lagrangian 1-forms

;0 o A (L1, @ ) +L(Q, @1 ) =0

Q; 9
8Q ( (ijQ Aj ) + L(Q7 Qia)‘i)) =0
Q Qi

If Q:ZN — M is a solution, then we can find P such that

PZ_@Q (Qi, Q. \) = BQ L(Q-i, Q,\) fori=1,...,N
Then
(Q,P)— (Q;,P;) fori=1,...,N

are commuting symplectic maps on T*M.

Examples

» Discrete-time Toda lattice. M = R"
» Billiards in confocal quadrics. M = S" (unit velocities)
> ...
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Quad equations

Q(U7 U17 U27 U127 )\17 )\2) =0

Subscripts of U denote lattice shifts, A1, As v v
are parameters.
Invariant under symmetries of the square, A2
affine in each of U, Uy, Us, Uss. A
U U1

Integrability for systems quad equations:
Multi-dimensional consistency of
Q(Ua Uia UJ7 UU7)‘I7>\J) = 07

i.e. the thrunderee ways of calculating U3
give the same result.

Classification (under some extra assumptions)
by Adler, Bobenko and Suris (ABS List).

Example: lattice potential KdV:
(U — U12)(U1 — U2) —A1+X=0
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Pluri-Lagrangian structure for quad equations
For some discrete 2-form
L(Oy) = LU, Ui, Uj, Ui, Aiy Aj),

the action Z L£(0) is critical on all 2-surfaces I in NV simultaneously.
Oer

To derive Euler-Lagrange equations: vary U at each point individually.
— It is sufficient to consider corners of an elementary cube.
[Lobb, Nijhoff. 2009]
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Pluri-Lagrangian principle (d = 2, continuous)

Given a 2-form

find a field v : RV — C, such that /E is critical on all smooth 2-surfaces
r
I in multi-time RV,

Example: KdV hierarchy, where t; = x is the shared space coordinate, t;
time for i-th flow. (Details will follow.)
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Multi-time EL equations

Consider a Lagrangian 2-form £ = Z[,;j[u] dt; Adt;.
ij
Every smooth surface can be approximated arbitrarily well by stepped

surfaces. Hence it is sufficient to require criticality on stepped surfaces, or
just on their elementary corners.

Mats Vermeeren (TU Berlin) A variational principle for integrable systems



Multi-time EL equations
for £="" Ly[u]dt; Adt

isj
Sl
— = I # 6,1,
5u; 0 VI Z ti, t;
Oy Ol

= VI 2 t;,
(sU[tj 6ultk ;
0Ly | Ol | Dbk _ g V.

5ult,'tj 5ultjfk 6ultkt,'

Where

arp d® d? oLy
5u/ ZZ )+IB }

a=08=0 de? dtﬁ Ou, !

[Suris, V. 2016.]
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Example: Potential KdV hierarchy

= &2[u] = U + 3u>2(,
= g3[U] = Usoox + 10Ux U + 5u L+ 10u
where we identify t; = x.

The differentiated equations uy;, = d%g;[u] are Lagrangian with

1 1
L1 = 5 Uxlit, = 7 Uxthoo — u,
5 U

3
L3 = ~Ux Uty — UxUxxxxx — 2Usx Uysox — 2 xxx + 5U Uyxx + 5UXUXX + = > u,.

2
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Example: Potential KdV hierarchy
= g2[u] = Uxxx + 3U>2<a
= g3[U] = Usoox + 10Ux U + 5u L+ 10u

Where we identify t; = x.
The differentiated equations uy, = d%g,-[u] are Lagrangian with

1 1

3

L12 = 5 Uxlit, — 7 Uxthooc — U,
1 5
L3 = Euxutg — Uy Ussoox — 2Usx Uy — 2 XXX + 5“ Uyxx + 5UXUXX + 5

We choose the coefficient £53 of
L= ﬁlg[u] dty Adtr + E13[u] dt; Adt3 + £23[u] dtr A dts
such that the pluri-Lagrangian 2-form is closed on solutions (nontrivial
task!). It is of the form
1
L23 = 5 (urg3[u] — usg2(u]) + paslu].
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Example: Potential KdV hierarchy

012L12 013L13

=0 and

> The equations = 0 yield

d d
Uty = &gg[u] and Ugt; = &gg[u].

012L12  032L32 013L13  023L023 .
= and = yield

» The equations
quati Oy Ouy, Oy ouy,

Uy, = 82 and ut3 = 83,
the evolutionary equations!

» All other multi-time EL equations are corollaries of these.
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Closedness of the Lagrangian form
One could require additionaly that £ is closed on solutions
— "“Lagrangian multiform systems”.

Then the action is not just critical on every curve/surface, but also takes
the same value on every curve/surface.

We do not take this as part of the definition, because one can show
Proposition

dL is constant on the set of solutions.
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Closedness relates to other notions of integrability
ar | = dLe _ dL;
|fd<§i:£,dt,> =0, then d = die

Variational symmetries

tj-flow deforms L, by a tx-derivative.
= Individual flows are variational symmetries of each other.

Same in higher dimensions.

Variational symmetries can be used to construct pluri-Lagrangian
structures

» d = 1: [Petrera, Suris, 2017],

» d = 2: [Petrera, V, in preparation]

Hamiltonians in involution
> d = 1: Legendre transform and clever use of variational principle
gives il—iik = {H;, Hx} = 0 [Suris, 2013]
» d =2: [Suris, V, 2016] and work in progress.
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Miwa shifts

Continuum limit of an integrable difference equation

Skew embedding of the mesh Z" into multi-time RV
Discrete @ is a sampling of the continuous g:

Q= Q(I’I) = Q(tl, t,..., tN)v

A NAY
Qi=Q(n+¢)=gq t1—2)\i7f2+27,---,tN+2(—1) N

[Miwa. On Hirota's difference equations. Proceedings of the Japan Academy A. 1982]

Write quad equation in terms of g and expand in A;.

In the leading order, we only see t;-derivatives of g, but we want to obtain
PDEs.

— leading order cancellation required to get a meaningful result.
— whole hierarchy from single difference equation.
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Continuum limit of the Lagrangian
» Using Miwa correspondence:
Discrete L —  Power series Lqjsc[u(t)]

Action for Lgisc[u(t)] is still a sum.

» Two applications of the Euler-Maclaurin formula:

B;B;
['Miwa([u]»)\la)Q) = Z Jalajﬁdlsc([u] )‘17)‘2)
720 . !

where the differential operators are 0y = ZJ ((—1y*t 2%

Jj dtj

» Then there holds Ldisc([l) = /’ EMiwa([u(t)], A1, /\2) m A\ 12,

where 11 and 7, are the 1-forms dual to the Miwa shifts.
This suggests the Lagrangian 2-form
> Latiwal[ul Ais Aj) mi A .
1<i<j<N
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Continuum limit of a Lagrangian 2-form

L(U, U, U, Uiz, A1, A2) Suitable choice = leading order cancellation

Miwa shifts, Taylor expansion

»Cdisc([u]a >\17 )‘2)

Euler-Maclaurin formula

- XX,
Latiwa([u], A1, A2) = Z( 1)””4 2£u[ u]
ij=1
> Lasiwal[ul, A A mi A = > Lijlu]dt; Ady
1<i<j<N 1<i<j<N
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Continuum limits of ABS equations

Qls—g — w=

Qls=r — w3 =

Q2 — V3=

Q30 — w3 =

Q=1 — w3 =
Q4 — V3 =
H1 — V3=

H35:0 — V3 =

Mats Vermeeren (TU Berlin)

3viy
Villr — S
2V1
1
3 V121 vy
Viin — = v
1
1
3 V121 — 2
Vil — 57y
1
2 1
3vii — 3z
Vil — 57y
1
2 1
3vii — 3
Vil — 5 v
1
1
3vii— g
Vil — 57y
1
2
vi11 + 3vg

15
vii1 + Evl

3 3 v

(2V)V1

All with their hierarchies

A variational principle for integrable systems

- 25sin(v)?

Schwarzian KdV

Krichever-Novikov

Potential KdV

Potential mKdV
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Conclusions

» The pluri-Lagrangian (or Lagrangian multiform) principle is a widely
applicable characterization of integrability:

It applies to integrable ODEs and PDEs, and to integrable difference
equations of any dimension.

» (Almost-)closedness of the pluri-Lagrangian form (d£ = const) links
this pluri-Lagrangian system to the established theory of integrable
systems.

P> Discrete theory is better understood: continuum limits are a useful
tool to develop the continuous theory.
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Thank you for your attention!
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