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Integrable systems

An integrable system is (a system of) nonlinear differential or difference
equation(s), that behaves as if it were linear:

I Solvability (in some sense)

I Superposition principle (for special solutions)

I Rich hidden structure explaining nice behavior

Our perspective

An equation is integrable if it is part of a “sufficiently large” system of
“compatible” equations.

In Mechanics: A Hamiltonian system with Hamilton function
H : T ∗Q ' R2N → R with respect to a Poisson bracket {·, ·} is
Liouville-Arnold integrable if there exist N functionally independent
Hamilton functions H = H1,H2, . . .HN such that

{Hi ,Hj} = 0.
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Main question

Equations in an integrable hierarchy must be compatible. In the
Hamiltonian picture this means:

{Hi ,Hj} = 0.

What about the Lagrangian side?

Is there a variational description of an integrable hierarchy?
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Lagrangian Mechanics

Lagrange function: L : R2N ∼= TQ → R : (q, q̇) 7→ L(q, q̇).

Solutions are curves q(t) that minimize (or are critical points of) the action∫ t1

t0

L(q(t), q̇(t))dt

where the integration interval [t0, t1] and the boundary values q(t0) and
q(t1) are fixed.

0 = δ

∫ t1

t0

L(q(t), q̇(t))dt =

∫ t1

t0

∂L

∂q
δq +

∂L

∂q̇
δq̇ dt

=

∫ t1

t0

(
∂L

∂q
− d

dt

∂L

∂q̇

)
δq dt +

(
∂L

∂q̇
δq

)∣∣∣∣t1

t0

Euler-Lagrange Equation:
δL

δq
:=

∂L

∂q
− d

dt

∂L

∂q̇
= 0.
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Example: Toda Lattice

Configuration variable q ∈ Rn, positions of n particles on a line.

· · · i + 1 i i − 1 · · ·

Displacements from equilibrium: . . . , qi+1, qi , qi−1, . . ..

Lagrangian: L(q, q̇) =
n∑

i=1

(
1

2
q̇2
i − eqi+1−qi

)
,

The Euler-Lagrange equations are

0 =
∂L

∂qi
− d

dt

∂L

∂q̇i
= eqi−qi−1 − eqi+1−qi − q̈i ,

so the dynamics are determined by

q̈i = eqi−qi−1 − eqi+1−qi

This is the first of a formally infinite hierarchy of ODEs;
n of them are independent.
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Lagrangian PDEs

Lagrangian L(v , vt , vx , vtt , vxt , vxx , . . .), action S =

∫
L dx dt.

Look for a function v that is a critical point of the action, i.e. for arbitrary
infinitesimal variations δv :

0 = δS =

∫
δL dx dt =

∫ ∑
I

∂L

∂vI
δvI dx dt

=

∫ ∑
I

(−1)|I |
(
DI

∂L

∂vI

)
δv dx dt

Multi-index notation: I = (i1, . . . , ik), DI =
di1

di1t1
· · · dik

dik tk
and vI = DI v .

Euler-Lagrange equation

δL

δv
:=
∑
I

(−1)|I |DI
∂L

∂vI
= 0.
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Example: KdV equation

Lagrangian: L =
1

2
vxvt − v3

x −
1

2
vxvxxx

Euler-Lagrange Equation:

0 =
δL

δv
=
∑
I

(−1)|I |DI
∂L

∂vI

=
∂L

∂v
−Dt

∂L

∂vt
−Dx

∂L

∂vx
+ Dxx

∂L

∂vxx
−Dxxx

∂L

∂vxxx
+ . . .

= −vxt + 6vxvxx + vxxxx

Substitute u = vx to find the Korteweg-de Vries equation

ut = 6uux + uxxx .

Or integrate to find the Potential Korteweg-de Vries equation

vt = 3v2
x + vxxx .

First of an infinite hierarchy of commuting PDEs
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1D Pluri-Lagrangian systems

If there are N commuting flows, instead of considering curves
qi : R→ Q : ti 7→ q(ti ), consider a field on multi-time RN ,

u : RN → Q : (t1, . . . , tN) 7→ u(t1, . . . , tN)

Definition. A field u : RN 7→ Q is a solution of the pluri-Lagrangian
problem for the 1-form,

L =
∑
i

Li [u] dti

if the action
∫

Γ L is critical on all smooth curves Γ in RN , with respect to
variation δu that vanish on the endpoints.

t1

t2

t3

•

•

t1

t2

t3

•

•

t1

t2

t3

•

•
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2D Pluri-Lagrangian systems

Definition

A field u : RN 7→ Q is a solution of the pluri-Lagrangian problem for the
Lagrangian 2-form,

L =
∑
i ,j

Lij [u]dti ∧ dtj .

if the action
∫

Γ L is critical on all smooth 2-surfaces Γ in RN .

Typically, t1 = x and other ti correspond to commuting flows.

Usually, Q = R or Q = C.
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Closedness of the Lagrangian form

One could require additionaly that L is closed on solutions.

Then the action is not just critical on every curve/surface, but also takes
the same value on every curve/surface.

We do not take this as part of the definition, because one can show

Proposition

dL is constant on the set of solutions.

Often there is a trivial solution that forces this constant to be 0.

The (almost-) closedness property is a key property to relate the
pluri-Lagrangain theory to other notions of integrability.
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Multi-time Euler-Lagrange equations: 1D case

Consider a Lagrangian 1-form L =
∑
i

Li [u] dti

Lemma

If the action
∫
S L is critical on all stepped curves S

in RN , then it is critical on all smooth curves.

Variations are local, so it is sufficient to look at a
general L-shaped curve Γ = Γi ∪ Γj .

ti

tj

Γi

Γj

p
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Multi-time Euler-Lagrange equations: 1D case

The variation of the action on Si is

δ

∫
Γi

Li dti =

∫
Γi

∑
I

∂Li
∂uI

δuI dti

=

∫
Γi

∑
I 63ti

δiLi
δuI

δuI dti +
∑
I

δiLi
δuIti

δuI

∣∣∣∣
p

,
ti

tj

Γi

Γj

p

where I denotes a multi-index, and

δiLi
δuI

=
∞∑
α=0

(−1)α
dα

dtαi

∂Li
∂uItαi

=
∂Li
∂uI
− d

dti

∂Li
∂uIti

+
d2

dt2
i

∂Li
∂uIt2

i

− . . .

Multi-time Euler-Lagrange equations for curves, L =
∑

i Li [u] dti

δiLi
δuI

= 0 ∀I 63 ti and
δiLi
δuIti

=
δjLj
δuItj

∀I ,
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Multi-time Euler-Lagrange equations: 2D case

Consider a Lagrangian two-form

L =
∑
i ,j

Lij [u] dti ∧ dtj .

It is sufficient to look at stepped surfaces and
their elementary corners.

An arbitrary number k of planes can meet in
one point, forming a k-flower.
A k-flower can be decomposed into 3-flowers.

ti

tj

tk

tl
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Multi-time Euler-Lagrange equations: 2D case

Multi-time EL equations for surfaces, L =
∑

i ,j Lij [u] dti ∧ dtj

δijLij
δuI

= 0 ∀I 63 ti , tj ,

δijLij
δuItj

=
δikLik
δuItk

∀I 63 ti ,

δijLij
δuIti tj

+
δjkLjk
δuItj tk

+
δkiLki
δuItk ti

= 0 ∀I .

p
ti

tj

tk

Where δijLij
δuI

=
∞∑
α=0

∞∑
β=0

(−1)α+β dα

dtαi

dβ

dtβj

∂Lij
∂u

Itαi tβj

=
∂Lij
∂uI
− d

dti

∂Lij
∂uIti

− d

dtj

∂Lij
∂uItj

+
d2

dt2
i

∂Lij
∂uIti ti

+
d

dti

d

dtj

∂Lij
∂uIti tj

+
d2

dt2
j

∂Lij
∂uItj tj

− . . .
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Example: Toda hierarchy

L = L1[q]dt1 + L2[q]dt2

L1[q] =
∑
k

1
2 (qk)2

t1
− eqk−qk−1

· · · k + 1 k k − 1 · · ·

L2[q] =
∑
k

(qk)t1(qk)t2 + 1
3 (qk)3

t1
+ ((qk−1)t1 + (qk)t1)eqk−qk−1

δ1L1

δqk
= 0 ⇒ (qk)t1t1 = eqk+1−qk − eqk−qk−1

δ2L2

δqk
= 0 ⇒ (qk)t1t2 = ((qk)t1 + (qk+1)t1)eqk+1−qk

− ((qk−1)t1 + (qk)t1)eqk−qk−1

δ2L2

δ(qk)t1

= 0 ⇒ (qk)t2 = −(qk)2
t1

+ eqk+1−qk − eqk−qk−1

δ1L1

δ(qk)t1

=
δ2L2

δ(qk)t2

⇒ (qk)t1 = (qk)t1
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=
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δ(qk)t2

⇒ (qk)t1 = (qk)t1Pluri-Lagrangian formalism produces evolutionary equations!
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Example: Potential KdV hierarchy

vt2 = g2[v ] = vxxx + 3v2
x ,

vt3 = g3[v ] = vxxxxx + 10vxvxxx + 5v2
xx + 10v3

x ,

where we identify t1 = x .

The differentiated equations vxti = d
dx gi [v ] are Lagrangian with

L12 =
1

2
vxvt2 −

1

2
vxvxxx − v3

x ,

L13 =
1

2
vxvt3 − vxvxxxxx − 2vxxvxxxx −

3

2
v2
xxx + 5v2

x vxxx + 5vxv
2
xx +

5

2
v4
x .

We choose the coefficient L23 of

L = L12[u]dt1 ∧ dt2 + L13[u]dt1 ∧ dt3 + L23[u] dt2 ∧ dt3

such that the pluri-Lagrangian 2-form is closed on solutions (nontrivial
task!). It is of the form

L23 =
1

2
(vt2g3[v ]− vt3g2[v ]) + p23[v ].
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Example: Potential KdV hierarchy

I The equations
δ12L12

δv
= 0 and

δ13L13

δv
= 0 yield

vxt2 =
d

dx
g2[v ] and vxt3 =

d

dx
g3[v ].

I The equations
δ12L12

δvx
=
δ32L32

δvt3

and
δ13L13

δvx
=
δ23L23

δvt2

yield

vt2 = g2 and vt3 = g3,

the evolutionary equations!

I All other multi-time EL equations are corollaries of these.
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Noether’s theorem

Consider a mechanical Lagrangian L(q, qt).

We say that a (generalized) vector field V (q, qt)
∂
∂q is a variational

symmetry if there exists a function F (q, qt), called the flux, such that

DV L(q, qt)−DtF (q, qt) = 0,

where

Dt = qt
∂

∂q
+ qtt

∂

∂qt
and DV = V (q, qt)

∂

∂q
+ (DtV (q, qt))

∂

∂qt
.

Noether’s Theorem

If V (q, qt) is a variational symmetry with flux F (q, qt), then

J(q, qt) =
∂L(q, qt)

∂qt
· V (q, qt)− F (q, qt)

is an integral of motion.
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From variational symmetries to pluri-Lagrangian structure

If we have a variational symmetry V with Noether integral J, then with

L1(q, qt1) = L(q, qt1)

L2(q, qt1 , qt2) =
∂L(q, qt1)

∂qt1

· (qt2 − V (q, qt1)) + F (q, qt1)

the pluri-Lagrangian one-form

L = L1(q, qt1) dt1 + L2(q, qt1 , qt2) dt2

produces the equations of motion

∂L

∂q
− d

dt1

∂L

∂qt1

= 0 and qt2 = V (q, qt1)

By construction we have Dt2L1 −Dt1L2 = 0 on solutions
⇒ L is closed on solutions.

Similar result for PDEs: work in progress.

k commuting variational symmetries → pluri-Lagrangian system in Rk+1
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Simultaneous Legendre transform of the Toda hierarchy

L1[q] =
∑
k

1

2
(qk)2

t1
− eqk−qk−1

L2[q] =
∑
k

(qk)t1(qk)t2 +
1

3
(qk)3

t1
+ ((qk−1)t1 + (qk)t1)eqk−qk−1

In itself L2 is degenerate, but the whole system can still be
Legendre-transformed: pk = (qk)t1 and

H1(q, p) =
∑
k

1

2
p2
k + eqk−qk−1

H2(q, p) =
∑
k

−1

3
p3
k − (pk−1 + pk)eqk−qk−1

with the canonical Poisson bracket

{f , g} =
N∑
i=1

(
∂f

∂qti

∂g

∂pti
− ∂f

∂pti

∂g

∂qti

)
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Closedness of the Lagrangian form

Theorem

dL =
∑
i ,j

{Hj ,Hi} dti ∧ dtj

Proof. Hamiltonian side:

DiLj −DjLi = {Hi , Lj} − {Hj , Li}
= {Hi , pqtj − Hj} − {Hj , pqti − Hi}
= 2{Hj ,Hi} − (ptjqti − ptiqtj ). (1)

Pluri-Lagrangian side DjLi = ptiqtj + pqti tj , hence

DiLj −DjLi = ptjqti − ptiqtj . (2)

(1) and (2) yield DiLj −DjLi = {Hj ,Hi}.
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Closedness of the Lagrangian form

Theorem

dL =
∑
i ,j

{Hi ,Hj} dti ∧ dtj

From the pluri-Lagrangian theory, one can show that dL = const on
solutions
⇒ Poisson brackets of two Hamiltonians are constant
⇒ flows commute.

L closed on solutions ⇔ Hamiltonians in involution.

Similar result for PDEs: work in progress.
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Example: fully discrete Toda Lattice

An integrable discretization of the Toda lattice is given by

1

λi

(
exp
(
Q [k] − Q [k]

−i
)
− exp

(
Q [k]

i − Q [k]
))

+ λi
(
exp
(
Q [k+1]

−i − Q [k]
)
− exp

(
Q [k] − Q [k−1]

i

))
= 0,

where the subscripts i and −i denote forward and backward shifts
respectively and λi is a lattice parameter.

· · · Q [k+1] Q [k] Q [k−1] · · · i

−i
A Lagrangian for the fully discrete Toda lattice is

L
(
Q,Qi , λi

)
=

1

λi

∑
k

exp
(
Q [k]

i − Q [k]
)
− λi

∑
k

exp
(
Q [k] − Q [k−1]

i

)
Consider it as a discrete 1-form, depending on the orientation of the edge:

L
(
Qi ,Q, λi

)
= − 1

λi

∑
k

exp
(
Q [k]

i − Q [k]
)

+ λi
∑
k

exp
(
Q [k] − Q [k−1]

i

)
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Discrete pluri-Lagrangian 1-forms

L
(
Q,Qi , λi

)
=

1

λi

∑
k

exp
(
Q [k]

i − Q [k]
)
− λi

∑
k

exp
(
Q [k] − Q [k−1]

i

)
L
(
Qi ,Q, λi

)
= −L

(
Q,Qi , λi

)
Discrete pluri-Lagrangian principle

Action is critical along any discrete curve in the lattice.

Discrete multi-time Euler-Lagrange equations

Q−i Q Qi
∂

∂Q

(
L
(
Q−i ,Q, λi

)
+ L
(
Q,Qi , λi

))
= 0

Qj

Q Qi

∂

∂Q

(
L
(
Qj ,Q, λj

)
+ L
(
Q,Qi , λi

))
= 0
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Discrete pluri-Lagrangian 1-forms

Q−i Q Qi
∂

∂Q

(
L
(
Q−i ,Q, λi

)
+ L
(
Q,Qi , λi

))
= 0

Qj

Q Qi

∂

∂Q

(
L
(
Qj ,Q, λj

)
+ L
(
Q,Qi , λi

))
= 0

If Q is a solution we can find P such that

P [k] = − ∂

∂Q [k]
L
(
Qi ,Q, λi

)
=

∂

∂Q [k]
L
(
Q−i ,Q, λi

)
=

1

λi
exp
(
Q [k]

i − Q [k]
)

+ λi exp
(
Q [k+1] − Q [k]

i

) for i = 1, . . . ,N

Then
(Q,P) 7→ (Qi ,Pi ) for i = 1, . . . ,N

are commuting symplectic maps.
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Quad equations

Quad equation:

Q(U,U1,U2,U12, α1, α2) = 0

Subscripts of x denote lattice shifts,
α1, α2 are parameters.
Invariant under symmetries of the square,
affine in each of U,U1,U2,U12.

Integrability for systems quad equations:
Multi-dimensional consistency of

Q(U,Ui ,Uj ,Uij , αi , αj) = 0,

i.e. the three ways of calculating U123

give the same result.

U1

U12U2

U

α1

α2

U1

U13

U3

U

U12

U123U23

U2

α1

α2

α3
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Pluri-Lagrangian structure for quad equations

For some discrete 2-form

L(�ij) = L(U,Ui ,Uj ,Uij , αi , αj),

the action ∑
�∈Γ

L(�)

is critical on all 2-surfaces Γ in NN simultaneously.
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Continuum limit of the discrete Toda Lattice

Recall the discretization of the Toda lattice

1

λ1

(
exp
(
Q [k]

1 − Q [k]
)
− exp

(
Q [k] − Q [k]

−1

))
+ λ1

(
exp
(
Q [k] − Q [k−1]

1

)
− exp

(
Q [k+1]

−1 − Q [k]
))

= 0

(∗)

Miwa shifts

Skew embedding of the mesh ZN into multi-time RN

Discrete Q is a sampling of the continuous q:

Q = Q(n) = q(t1, t2, . . . , tN),

Qi = Q(n + ei ) = q

(
t1 − 2λi , t2 + 2

λ2
i

2
, . . . , tN + 2(−1)N

λNi
N

)
[Miwa. On Hirota’s difference equations. Proceedings of the Japan Academy A. 1982]

Write (∗) in terms of q and expand in λ1.
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Continuum limit of the discrete Toda Lattice

Series expansion of the lattice equation

0 =
(
− exp

(
q[k+1] − q[k]

)
+ exp

(
q[k] − q[k−1]

)
+ q[k]

11

)
λ1

+
(
exp
(
q[k+1] − q[k]

)
q[k+1]

1 − exp
(
q[k] − q[k−1]

)
q[k−1]

1 + q[k]

1 q[k]

11 − q[k]

12

)
λ2

1

+ . . . ,

Solve order by order:

q[k]

11 = exp
(
q[k+1] − q[k]

)
− exp

(
q[k] − q[k−1]

)
q[k]

12 =
d

dt1

((
q[k]

1

)2
+ exp

(
q[k+1] − q[k]

)
+ exp

(
q[k] − q[k−1]

))
...

Whole hierarchy from single quad equation!
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Continuum limit of a Lagrangian 1-form

L(Q,Q1, λ1)y Miwa shifts, Taylor expansion

Ldisc([q], λ1, )y Euler-Maclaurin formula: action sum → action integral

LMiwa([q], λ1) =
∞∑
i=1

(−1)i
λi1
i
Li [q]y y

∞∑
i=1

LMiwa([q], λi ) ηi ≈
∞∑
i=1

Li [q] dti

where ≈ denotes equality with a defect of order λn+1
i .
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Continuum limit of a Lagrangian 2-form

L(U,U1,U2,U12, λ1, λ2) Suitable choice ⇒ leading order cancellationyMiwa shifts, Taylor expansion

Ldisc([u], λ1, λ2)yEuler-Maclaurin formula

LMiwa([u], λ1, λ2) =
∞∑

i ,j=1

(−1)i+j4
λi1
i

λj2
j
Li ,j [u]

y y∑
1≤i<j≤N

LMiwa([u], λi , λj) ηi ∧ ηj ≈
∑

1≤i<j≤N
Li ,j [u] dti ∧ dtj

where ≈ denotes equality with a defect of order λn+1
i .
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