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Integrable systems

An integrable system is (a system of) nonlinear differential or difference
equation(s), that behaves as if it were linear:

» Solvability (in some sense)
» Superposition principle (for special solutions)
» Rich hidden structure explaining nice behavior
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Integrable systems

An integrable system is (a system of) nonlinear differential or difference
equation(s), that behaves as if it were linear:

» Solvability (in some sense)

» Superposition principle (for special solutions)

» Rich hidden structure explaining nice behavior
Our perspective

An equation is integrable if it is part of a “sufficiently large” system of
“compatible” equations.

In Mechanics: A Hamiltonian system with Hamilton function

H: T*Q ~ R?N — R with respect to a Poisson bracket {-,-} is
Liouville-Arnold integrable if there exist N functionally independent
Hamilton functions H = Hy, Hy, ... Hy such that
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Main question

Equations in an integrable hierarchy must be compatible. In the
Hamiltonian picture this means:

{Hf7 HJ} =0.
What about the Lagrangian side?

Is there a variational description of an integrable hierarchy?
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Lagrangian Mechanics
Lagrange function: L:R*N =~ TQ - R: (q,4) — L(q,q).

Solutions are curves g(t) that minimize (or are critical points of) the action

/ " La(e), () at

where the integration interval [tp, t1] and the boundary values g(ty) and
q(t1) are fixed.

hoL oL
0_6/ q(t)) dt_/t0 8—5 +a—6 gdt

oL d oL oL
/to <8q dt@q) I <3q q)

oL _ L 4@l
dqg O0q dtog

Mats Vermeeren (TU Berlin) A variational structure for integrable hierarchi August 2018 6 /39

ty

to

Euler-Lagrange Equation:



Lagrangian Mechanics
Lagrange function: L:R*N =~ TQ - R: (q,4) — L(q,q).
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Example: Toda Lattice

Configuration variable g € R”, positions of n particles on a line.
g

i+1 i =1

Displacements from equilibrium: ..., git1, qi, Gi—1, - - -
(1
ian: ] 52 i+1—0i
Lagrangian: L(q,q) = Zl <§Qi _ e+ q) ’
1=
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Example: Toda Lattice

Configuration variable g € R”, positions of n particles on a line.

i+1 i =1

Displacements from equilibrium: ..., git1,9i,gi-1, - ..
" /1
L ian: L 0) — 242 _ @9it1—ai
agrangian: L(q, g) 2 <2q, e ) :
The Euler-Lagrange equations are
0= oL _ i oL = ¥im9i-1 _ @179 _ g,
dq; dtdq; ’

so the dynamics are determined by
G; = 991 _ g1 Gi

This is the first of a formally infinite hierarchy of ODEs;
n of them are independent.
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Lagrangian PDEs

Lagrangian L(v, vi, Vi, Vit, Vits Vixs - - -),s action § = /L dxdt.

Look for a function v that is a critical point of the action, i.e. for arbitrary
infinitesimal variations Jv:

0=14S = /5L dxdt—/Z(Sv, dxdt

- /Z(_nl’l (D,S\i) v dxdt
/

. : , . dn dik
Multi-index notation: | = (i1,...,ix), Dy = TR T

and V| = D/V.

Euler-Lagrange equation

5L oL
v N
5 Z( )D,aw 0.
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Example: KdV equation
Lagrangian: L = vavt — vf - §VXVXXX

Euler-Lagrange Equation:

sL e 0L

= Do Dy o 4 Do Do
= —Vxt + 6VXVXX + Vioxxx
Substitute u = vy to find the Korteweg-de Vries equation
Uy = BUUy + Usx-
Or integrate to find the Potential Korteweg-de Vries equation

2
Ve = 3Vg + Vi

First of an infinite hierarchy of commuting PDEs
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© Pluri-Lagrangian systems [1]

[1] Suris, V. On the Lagrangian structure of integrable hierarchies. In Advances in
Discrete Differential Geometry, Springer, 2016.
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1D Pluri-Lagrangian systems

If there are N commuting flows, instead of considering curves
gi - R — @ : tj — q(t;), consider a field on multi-time RV,

N Q:(try... ty) — u(ty,. ... tn)

Definition. A field u : RV — Q is a solution of the pluri-Lagrangian

problem for the 1-form,
L= Z L,'[U] dt;

if the action frﬁ is critical on all smooth curves I in RV, with respect to
variation du that vanish on the endpoints.
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2D Pluri-Lagrangian systems
Definition
A field u: RN — Q is a solution of the pluri-Lagrangian problem for the
Lagrangian 2-form,
L= Z L,J[U] dt; A dtj.
iJ

if the action frﬁ is critical on all smooth 2-surfaces ' in RV,

Typically, t; = x and other t; correspond to commuting flows.
Usually, @ =R or Q =C.
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Closedness of the Lagrangian form

One could require additionaly that £ is closed on solutions.

Then the action is not just critical on every curve/surface, but also takes

the same value on every curve/surface.

We do not take this as part of the definition, because one can show

Proposition
dL is constant on the set of solutions.

Often there is a trivial solution that forces this constant to be 0.

The (almost-) closedness property is a key property to relate the
pluri-Lagrangain theory to other notions of integrability.
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Multi-time Euler-Lagrange equations: 1D case
Consider a Lagrangian 1-form £ = Z Li[u] dt;

]

Lemma

If the action fsﬁ is critical on all stepped curves S
in RV, then it is critical on all smooth curves. /

Variations are local, so it is sufficient to look at a
general L-shaped curve [ =1T; UT;.

Mats Vermeeren (TU Berlin) A variational structure for integrable hierarchi August 2018 14 / 39



Multi-time Euler-Lagrange equations: 1D case

The variation of the action on S; is

oL;
Lidt; =
5/“ dt /.Zau,

/Zéw +z:éL

tj

)
du
Ui 1z fti P

where | denotes a multi-index, and

5,-L,-7i —1)a£ oL oL d L +di oL
ouy N dt;l 8“/1‘;" N Ouy dt; 8u,tl. dtl-2 8U,t2

Multi-time Euler-Lagrange equations for curves, £ =Y. L;[u] dt;

) iL; 0 iL; o;l;
o0 VI and QST
1) uy 1) U/t,. ou Itj
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Multi-time Euler-Lagrange equations: 2D case

Consider a Lagrangian two-form
L= Z L,'j[u] dt; A dtj.
i

It is sufficient to look at stepped surfaces and
their elementary corners.

An arbitrary number k of planes can meet in
one point, forming a k-flower.
A k-flower can be decomposed into 3-flowers.
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Multi-time Euler-Lagrange equations: 2D case
Multi-time EL equations for surfaces, £ =3", . L;[u] dt; A dt;

(5,JL,J t
ST _ VI %t t;,
duy ? i1
6’JLU 5ikl-ik
5T Cikik VI #t;,
5U[tj 5ultk %
Iy SOk KW _g V.

(SU/t,.tj 5ultjtk 5u/tkt,'

Where 5.1 2 & de 4% oL;
it _ _yets S ¢ ij
S =22 20D

a 1.8
a=0 =0 dt} dt; ault;"tjﬁ

Ouy dt; 8u,t,. dtj 8U/tj

& oy dd oLy & oLy
dt’2 8”/1‘,‘!’,’ dt, dtj/ 8ult,-tj dt_j2 8ultjtj
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Example: Toda hierarchy
L = L1[q]dt; + Lp[qg]dt, oo k+1 ko k-1

Lla] = 3 3(a0 - e
k

Lo[q] = Z(qk)tl(Qk)tz + %(qk)?l + ((gk—1) g + (qi) gy )€1

k
(?L1 =0 = (Gr)ey = €T T — UGk
Ak
9oL _ _ Jk+1—9qk
(5_CIk =0 = (qk)tltz = ((qk)tl + (qk+1)t1)e

— ((gk-1)t, + (qr)s, )eTk k1
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Example: Toda hierarchy
L = L1[q]dt; + Lp[qg]dt, oo k+1 ko k-1

Ll[CI] = Z %(qk)%l — @9k~ qk-1
k

Lo[q] = Z(qk)tl(Qk)tz + %(qk)?l + ((gk—1) g + (qi) gy )€1

k
oL
el 0 = (qk)t1t1 = @W+17qk _ o9k~ Gk—1
dqk
—52L2 Ak+1—dk
dqx =0 = (a)un = ((q%)n + (akr1)n)e
— ((gk=1)t, + (qr) e, )9
52L2 5 _ _
=0 = = —(q + edk+17 Gk _ o9k~ k-1
6(qk)t1 (qk)tz ( k)t1
0114 doly

Sa)e o) (ak)t = (aK)n
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Example: Toda hierarchy
L = L1[q]dt; + Lp[qg]dt, oo k+1 ko k-1

Ll [q] = Z %(qk)%l — @9k~ qk-1
k

Lo[q] = Z(qk)tl(qk)tg + %(qk):,_?1 + ((qh—1) g, + (qi) g )eTc %1

k
1L
g1t =0 = (qk)tltl — e¥k+17 9k _ oGk—Gqk—1
dqk
762[_2 Ak+1—qk
5qK =0 = (q)ut, = ((9k)e + (Gr+1)r )e?™
— ((qk—1)g + (qu)r, )T %1
(52/.2 2 _ _
=0 = o = —(qx)s + edk+1=qk _ oqk—qk—1
6(qk)t1 ( )fz ( )t1
01L1 dolo

e o) (a)e = (q)e
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Example: Toda hierarchy
L = L1[q]dt; + Lp[qg]dt, oo k+1 ko k-1

Lla] = 3 3(a0 - e
k

Lo[q] = Z(qk)tl(Qk)tz + %(qk)?l + ((qh—1) g, + (qi) g )eTc %1

k
01L
2 = 0 = (qk)tltl — eqk+1_qk _ eqk_qk—l
dqk
752L2 Qk+1—9k
D =0 = (qk)t1t2 - ((qk)t1 + (Qk+1)t1)e *
— ((gk—1)t, + (qu)r ) eIt
52[—2 2 _ _
=0 = gk = —(qx 4 @k+17qk _ @Ik~ qk—1
o) (aK)e: = ~(aw)3
01L4 0o Lo

Pluri-Lagrangian formalism produces evolutionary equations!
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Example: Potential KdV hierarchy

Vi, = &[V] = Vioor + 3V2,

Vs = 83[V] = Vioooor + 10V Viex + 5v3x + 10v)‘?’,
where we identify t; = x.

The differentiated equations vy, = L g;[v] are Lagrangian with
1 1

3
Lip = ~Vx Vi, — 2 VxVxxx — Vi,
2 2
3 5
_ 2 2 2 4
Lz = EVth3 — Vi Voo — 2Vsx Voo — EVXXX + 5VX Vixx + 5VXVXX + EVX .
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Example: Potential KdV hierarchy
Vi, = gZ[V] = Vixx + 3V3a

Vs = 83[V] = Vioooor + 10V Viex + 5v3x + 10v3,
where we identify t; = x.

The differentiated equations vy, = %g,-[v] are Lagrangian with
1 1

3
Lo = ~Vx Ve, — §VXVXXX —V

2 X

(6]

2 2 2 4
L1z = EVXVt3 — Vi Voo — 2Vsx Voo — EVXXX + 5VX Vixx + 5VXVXX + v,

2
We choose the coefficient L3 of

L= L12[u] dtg Adtr + L13[u] dty Adts + L23[u] dt, Adts
such that the pluri-Lagrangian 2-form is closed on solutions (nontrivial
task!). It is of the form

Las = 3 (gslv] — vegalv)) + pasl)
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Example: Potential KdV hierarchy

d12L12 0 and 013L13 _

» The equations 5y 5y

0 yield

d d
Vit, = &gg[v] and Vity = &gg[v].

O1oL O3 d13L da3l
» The equations ?vxlz = ;2‘/: and ?VXB = ?\;3 yield

Ve, = &2 and Vi, = &3,

the evolutionary equations!

> All other multi-time EL equations are corollaries of these.
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© Relation to variational symmetries [2]

[2] Petrera, Suris. Variational symmetries and pluri-Lagrangian systems in classical
mechanics. Journal of Nonlinear Mathematical Physics, 24(supl), 121-145,
2017.
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Noether's theorem
Consider a mechanical Lagrangian L(q, g;).

We say that a (generalized) vector field V(q, qt)a% is a variational
symmetry if there exists a function F(q, g;), called the flux, such that

DvL(q,q:) — DtF(q,q:) =0,

where

0 0
D: = qtf)iq + qtt(‘)iqt and Dv = V(q,q:)

0
+(D:V(q, q:))—.
aq ( t (q qt))aqt

Noether's Theorem
If V(q,q¢) is a variational symmetry with flux F(q, g¢), then

olL(q,
J(q,q:) = % -V(q,q:) — F(q,qt)

is an integral of motion.
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From variational symmetries to pluri-Lagrangian structure
If we have a variational symmetry V with Noether integral J, then with

Li(q,94) = L(q, q4)

oL(q,q4)
6Qt

1

L2(q7 aty 5 qtz) = ' (qt2 - V(qv qtl)) + F(q7 qtl)

the pluri-Lagrangian one-form

'C — Ll(q7 qt1) dtl + L2(q7 qt;» th) dt2
produces the equations of motion

oL d oL
aq dt]_ 6qt1 an qt2 (q’ ql’l)

By construction we have D¢,L; — D¢, Lo = 0 on solutions
= L is closed on solutions.

Similar result for PDEs: work in progress.

k commuting variational symmetries — pluri-Lagrangian system in R*+1
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@ Relation to Hamiltonian formalism [3]

[3] Suris. Variational formulation of commuting Hamiltonian flows: multi-time
Lagrangian 1-forms. J. Geometric Mechanics, 2013.
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Simultaneous Legendre transform of the Toda hierarchy

1 _
Li[q] = Z 5(qk)%1 — eIk Gk-1

k
L2[q] = Z(qk)tl(qk)tQ + %(qk)i’l + ((qkfl)tl + (Qk)tl)eqqu"’l
k

In itself Ly is degenerate, but the whole system can still be
Legendre-transformed: px = (qx)s and

1 _
Hl(q’ p) = Z Epi + e~ k-1
k

1 _
Ha(q,p) = —gpi — (Pr—1 + pi)e? %
k
with the canonical Poisson bracket

N
of dg  Of og
f = o
{ ag} ; <3CIt,- 8pti 3Pt,- 3%)
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Closedness of the Lagrangian form

Theorem

dL =) {H; Hi} dti A d
iJ

Proof. Hamiltonian side:

DjLj = DjLj = {Hi, Lj} — {Hj, Li}
= {Hf’pqtj - HJ} - {'Lljaqu,' - HI}
= 2{,4_[7 HI} - (pqut,' - Pt,-CItj)~

Pluri-Lagrangian side D;L; = py,qt; + pqz;e;, hence

DiL; — DjL; = pt,qt; — pt;qx;-
(1) and (2) yieId D,'LJ' — DjL,’ = {HJ, H,'}.
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Closedness of the Lagrangian form

Theorem

dL =Y {H, H;} dti A d
iJ

From the pluri-Lagrangian theory, one can show that d£ = const on
solutions

= Poisson brackets of two Hamiltonians are constant
= flows commute.

L closed on solutions < Hamiltonians in involution.

Similar result for PDEs: work in progress.
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© Discrete pluri-Lagrangian systems [4,5,...]

[4] Lobb, Nijhoff. Lagrangian multiforms and multidimensional consistency. J.
Phys. A. 2009.

[5] Hietarinta, Joshi, Nijhoff. Discrete systems and integrability. Cambridge
university press, 2016.
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Example: fully discrete Toda Lattice

An integrable discretization of the Toda lattice is given by
1
5 (exp @ - Q%) — exp(@f" - Q")
s (exp (@1 — Q) — exp(Q¥ — QX)) = 0

where the subscripts i and —i denote forward and backward shifts
respectively and ); is a lattice parameter.

QW QW QKU ti
— & —0—0—0—
L_j
A Lagrangian for the fully discrete Toda lattice is

L(Q, Qi i) = %Zexp(@}k] — QM) — )\iZeXP(Q[k] Q)
1 k p

Consider it as a discrete 1-form, depending on the orientation of the edge:

(Qm Q, /\ Y Zexp Q“‘] Q[” + A\ ZeXp Q[k] Q[k 1])
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Discrete pluri-Lagrangian 1-forms

L(Q, Qi i) = %Zexp(Q}” QW) — \; Zexp QU — Q)
"k
L(Qi, @ Ni) = —L(Q, Qi i)

Discrete pluri-Lagrangian principle

Action is critical along any discrete curve in the lattice.

Discrete multi-time Euler-Lagrange equations

e, 0 O aaQ( (@1, @A) +L(Q @A) =0

Q; P
20 (L(Q;; Q, ) + L(Q,Qi,A\i)) =0
Q Qi

1
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Discrete pluri-Lagrangian 1-forms

(L(Q-i» @A) + L(Q, Qi) =0

glo 8

(L(Q, @A) +L(Q, Qi A1) =0

If Q is a solution we can find P such that

0
P[k]:_ (Q/aQa /)— (Q ,,QA)
1 Q[k] oQY fori=1,...,N
_ )\_ exp(Q,[k] _ Q[k]) + A\ exp(Q[k+1] - Ql[k])
Then

(Q,P)— (Q;,P;)  fori=1,...,N

are commuting symplectic maps.
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Quad equations

Quad equation: 7
Q(U, U1, Ua, Urz,01,02) =0

Subscripts of x denote lattice shifts,
o1, p are parameters. U
Invariant under symmetries of the square,
affine in each of U, Uy, Us, Uss.

Integrability for systems quad equations:
Multi-dimensional consistency of

o(U, U, U;, Uyj, aj, ) = 0,

i.e. the three ways of calculating Uj23
give the same result.

Mats Vermeeren (TU Berlin) A variational structure for integrable hierarchi
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Pluri-Lagrangian structure for quad equations

For some discrete 2-form

‘C(DIJ) = ‘C(U7 Uiv Ujv UUa aj, aj)v

the action

> £O)

Oer

is critical on all 2-surfaces I' in NV simultaneously.
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@ Continuum limits [6]

[6] V. Continuum limits of pluri-Lagrangian systems. arXiv:1706.06830
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Continuum limit of the discrete Toda Lattice
Recall the discretization of the Toda lattice

1

5 (ep(@ = @) —ep(Q¥ - Q1)) (+)
o (exp(Q — Q) —exp (@4 — Q) = 0

Miwa shifts

Skew embedding of the mesh ZN into multi-time RV
Discrete @ is a sampling of the continuous g:

Q = Q(I‘I) = q(tl, to,..., tN),

A2 AN
Q =Q(n+¢)= q(tl — 2\, b+ 27’, ooty +2(—1)’VW’)

[Miwa. On Hirota's difference equations. Proceedings of the Japan Academy A. 1982]

Write () in terms of g and expand in Aj.
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Continuum limit of the discrete Toda Lattice

Series expansion of the lattice equation

0= (—exp(q* — q¥) +exp(q¥ — g* ) + q[ﬁ) A
+ (exp(q[k-H] _ q[k]) q:[|_k+1] _ eXp(q[k] _ q[k—l]) q:[lk—ll + qgk]qgk{ _ q:[lnk%) A%
+...,

Solve order by order:

q[lk{ = eXp(q[k+1] _ q[k]) _ exp(q[k] _ qlkfll)

d
%= 3 ((al")? + exp (g - g) + exp(q" — 1))

Whole hierarchy from single quad equation!
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Continuum limit of a Lagrangian 1-form
L(Q, Q1, A1)

Miwa shifts, Taylor expansion

‘Cdisc ( [q] ) A1 ) )

Euler-Maclaurin formula:  action sum — action integral

Lualldh ) = Y (-2 £ifg
ZElea [q] )‘ ZE [q] dt

where = denotes equality with a defect of order )\7+1.
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Continuum limit of a Lagrangian 2-form

L(U, U, U, Uiz, A1, A2) Suitable choice = leading order cancellation

Miwa shifts, Taylor expansion

»Cdisc([u]a >\17 )‘2)

Euler-Maclaurin formula

Litiwa([u]; A1, A2) = i( 1)'+J4X >\2£ ijlu]

ij=1

| |

> Lasiwal[ul, A A mi A > Lijlu]dt; Ady

1<i<j<N 1<i<j<N

Q

where = denotes equality with a defect of order )\,f’H.
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