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° Pluri-Lagrangian systems / Lagrangian multiform systems

@ d = 2, discrete
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Quad equations

Quad equation on Z?:

Us Uio
Q(U, Uy, Us, Ui, a1,00) =0
. . - a2
Subscripts of U denote lattice shifts,
a1, (ip are parameters. a1
. . . U U-
Q@ invariant under symmetries of the !
square, affine in each of U, Uy, U, Uys. Ve Uias
Integrability for systems of quad eqns: . |
Multi-dimensional consistency of ’ U
Q(U7 Ui7ljj7Uij7afaaj):O7 as 3U2
®--------- Bats;
. o ’ 12
i.e. given U, Uy, Uy, Uz, the three ways Sas
of calculating Uj»3 give the same result. U o v,
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Quad equations

» Classification multidimensionally consistent quad equations in the
ABS list.

[Adler, Bobenko, Suris. Classification of integrable equations on
quad-graphs. The consistency approach. Commun. Math. Phys. 2003.]

» Variational formulation in which the Lagrangian is a
higher-dimensional object, encoding a full system of
multidimensionally consistent equations.

[Lobb, Nijhoff. Lagrangian multiforms and multidimensional consistency. J.

Phys. A. 2009]
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Pluri-Lagrangian principle (d = 2, discrete)
For some discrete 2-form
L(oy) = L(U, U, U;, Uy, ai, o),
find a field U : ZN — C such that the action
EUUGS L(oi)

is critical on all discrete 2-surfaces S in ZN simultaneously.

» EL equations obtained from corners of cubes.

» All ABS equations can be described this way.
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Example: H1
For the discrete potential KdV equation (H1)
(U=Up)(Ui = Uj) —aj+ ;=0
we have the Lagrangian
L(U, Ui, U;, Uj, i, o) = UU; — UU; — (o — o) log(U; — U))

To derive Euler-Lagrange equations, we look at corners of a cube:

U1 U U,
Uss OUu:x o 123 23 o 123

.
"
Us/ S s N U1, \\u&

) Uy U
/Un /‘ s /‘ (i
o o o

U o U U, U oy
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Example: H1

The conditions for other shapes follow from these, for example:

OU23 []230

U_is U
Us o Olus

U_rs v U,0 o,
12

U_i,2 U_, U_y Ui,—2

— corners of cubes are elementary building blocks for all discrete surfaces.
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Example: H1

Oqu Uns ; Oqu

s \'§
Uy U:

k / Ura / Uz
(0] (o] L

U U U Uy

(@) (b)

Us

Depending on the orientation, we get the Euler-Lagrange equations

Q; — O a;—aj

“u—u Tu—g Y
(b) Ui U~

(a) U," — U,'k

Og—Ozk a; — Oy
0.
Uy — Ux = Uj— G

They are consequences of, but not equivalent to, the quad equation

(U — U,'j)(U,' — Uj) —oitaoj= 0.
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° Pluri-Lagrangian systems / Lagrangian multiform systems

@ d = 2, continuous
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Background: Lagrangian PDEs

Lagrangian density £(v, Vi, Vi, Vit, Vits Vs - - -)

Action § = /L dxdt

Look for a function v that is a critical point of the action, i.e. for arbitrary

infinitesimal variations dv:

0:55:/5£ dxdt:/zg—faw dx dt
1
/Z |I| (D/%> ov dxdt,

i i
where for I = (i1,...,ik): D;= d d

dn t1 d tyx

Euler-Lagrange equation:

oL oL
oL _ N
ov Z/:( )D’av, 0
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KdV equation, £ = Vth v;? — %VXVXXX

Euler-Lagrange equation:

oL

oL
DD
0= 5V Z( ) I&v,

1

= _—Dt(Vx) — ; (Vt) + 3Dy ( ) + DX(VXXX) + DXXX(VX)

2
= —Vxt t+ 6Vx Vx T Vixxxx

= Vit = OV Vi + Vioox
Substitute u = vy to find the Korteweg-de Vries equation
Uy = OULy + Uyxx-
Or integrate to find the Potential Korteweg-de Vries equation

Ve = 3v3 + Vixx-

Recall lattice potential KdV: Euler-Lagrange equation a consequence of,

but not equivalent to, the quad equation.
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What about integrability?

Integrable systems like the Toda lattice and the KdV equation come with
infinite hierarchies. Each individual equation is Lagrangian/Hamiltonian.

On the Hamiltonian side it is clear when the equations of a hierarchy fit

together:
{Hi, H;} = 0.

Arguably, the variational analogue of this property is a pluri-Lagrangian
structure
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Pluri-Lagrangian principle (d = 2, continuous)
Given a 2-form

find a field v : RV — C, such that /E is critical on all smooth 2-surfaces
r
I in multi-time RV.

How to calculate Euler-Lagrange equations? Unlike the discrete case there
are no elementary building blocks of smooth surfaces.
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Multi-time EL equations

Consider a Lagrangian 2-form £ = Z[,;j[u] dt; Adt;.

iJ
Every smooth surface can be approximated arbitrarily well by stepped
surfaces.

Hence it is sufficient to require criticality on stepped surfaces, or just on
their elementary corners.
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The case d =1
Consider a Lagrangian one-form £ = ZE;[U] dt;

]

Lemma

If the action fSL', is critical on all stepped curves S
in RV, then it is critical on all smooth curves. L

Variations are local, so it is sufficient to look at a
general L-shaped curve S = 5; U §;.
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Multi-time Euler-Lagrange equations for d =1
The variation of the action on §; is

t
5/ L;dt; _/ Z au
I
0;L;
/Z /dt,‘-i-z duyl|
Si %t ouy T ou ti

where | denotes a multi-index, and

5iLi _i(_l)aﬁ OLi _ oL d oL 42 IL;
ouy N dt;l aultlgx a ouy dt; 8U/t,. dt 3u,t2

Multi-time Euler-Lagrange equations for £ = ). £;[u] dt;:

;i L; 0iL;  6iL;
| ) U B fod
5u/ =0 VI &t and Sune 5U/tj

VI,
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Multi-time EL equations for d = 2
For £ = ZiJ E,J[U] dt,' VAN dtj

Sy / s
6[1[ 0 v % tl) tj:
(5,'j£,‘j Oik Lik

K/ Vi % t,
5U[tj 6U[tk ; !

5,:,'[,,'1' n 5jk£jk n Opi Lki

=0 vI.
5Ult,-tj 6ultjtk 5UItkt,-

Where

M — i i(_l)oﬂrﬂd_aﬂ aﬁ"f
duy -=0 5= dt;)‘ dtjﬁ 3ult?tjﬂ

[Suris, V. On the Lagrangian structure of integrable hierarchies. In Al Bobenko
(ed): Advances in Discrete Differential Geometry, Springer. 2016.]
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Example: Potential KdV hierarchy

th — gZ[V] = Vixx + 3V3

t3 — g3[v] = Vioooox T 10V Vi + 5V3X + ].OV)?’
where we identify t; = x.

The differentiated equations vy, = %g,-[v] are Lagrangian with

1 1
3
£12 = ZVxVt, — EVXVXXX — Vi,

2

> VA

3
L3 = §Vth3 — Vi Viosoox — 2Vax Voo — 2 xxx + 5V Vixx + 5VXVXX + = ) Vg

We choose the coefficient Lo3 of
L= ﬁlg[u] dty Adtr + £13[u] dt; Adtz + EQ3[U] dtr, Adts

such that the pluri-Lagrangian 2-form is closed on solutions. It is of the
form

L23 = (vegslv] = vugalv)) + paslo)
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Example: Potential KdV hierarchy
» The equations

012L12

5y =0 and

are

d
Vt, = &gz[v] and

» The equations

012L12  032L32

(SVX - 5Vt3 and

yield
Ve, = 82 and

the evolutionary equations!

013L13
o 0

d
Vts = &ga[V]-

013L13  023L03

1) Vx N ) Vi,

Vt3 = g37

> All other multi-time EL equations are corollaries of these.
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© Continuum limits

@ Proof by example: H1
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Continuum limit of H1 (lattice potential KdV)

We make a non-autonomous change of variables to transform
(X — X12)(X2 — Xl) = a1 — a9 into
1

1 1 1 1

1
U U) ([t U ) = -
(o) (G-are-u) =53

(IpKdV)

Method by Wiersma and Capel produces the pKdV hierarchy from (IpKdV)

They used an differential-difference equation as intermediate step.

Here we will present the same limit in a single step.

[Wiersma, Capel. Lattice equations, hierarchies and Hamiltonian structures.

Physica A. 1987]
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Continuum limit of H1 (lattice potential KdV)

Miwa shifts

Skew embedding of the mesh ZN into multi-time RV
Discrete U : ZN — C is a sampling of the continuous v : RN — C:

U=U(n)=u(t,ta,...,tn),

X nAY
U, = U(n+e;):u t1—2)\i,t2—|-2?,...,t/\/—{—2(—1) W

[Miwa. On Hirota's difference equations. Proceedings of the Japan Academy A. 1982]

1 1 1 1 1 1
Plug into | — + — — S — — == — =
ug into <)\1 + % + Urp U> <)\2 N + Us U1> )\% )\%

and expand in A1, Ao.

In leading order everything cancels (due to very specific form of quad eq).
— generically we would have an ODE in t;.
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Continuum limit of H1 (lattice potential KdV)

Series expansion

4 o
Quad Equation — Z(_l)lﬂﬁ fijlul M5 =0,
ij

4 )
where f; ; = —f; j and the factor (—1)"*/— is chosen to normalize the foj-
Iy

First row of coefficients:

fb,l = Ut,,

2
fb,z - _3ut1 - ufltltl - zutltZ + ut37
fb,3 = _8ut1 utltl - 4ut1 ut2 - §Ut1t1t1t1 + §ut1t3 + ut2t2 + ul’47
20 5 10
_ 2 2
foa = —Supy — FUnttnn + 100y Une, + Sty — Uy, — Uy U,
5 5
— Uttt + §Ut1t1t1t2 + Zutltztz - Zut1t4 - §Ut2t3 + Ut
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Continuum limit of H1 (lattice potential KdV)
Setting each f;; equal to zero, we find

Ut2 = 0,

U = 3”% + Uty

Ut4 = 0,

_ 3 2
U, = 10ut1 + 5ut1t1 + 10ut1 Uty + Uy titititr

— pKdV hierarchy

Whole hierarchy from single quad equation

using Miwa correspondence
U= U(I‘I) = U(tl, to,..., i‘/\/)7

¥ Y,
U, = U(n+e,-):u t1—2)\i,t2+2?,...,t/\/+2(—1) W
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Continuum limit of the Lagrangian for H1
A Lagrangian for (IpKdV) is

0=} (0=t 7) (6 )

J
4 ()\._2 — )\._2> log (1 4F ﬁ) .
o X
A particular (non-standard) choice among many equivalent Lagrangians.

— to get leading-order cancellation.

Using Miwa correspondence:
Discrete L —  Power series Lgisc[u(t)]
where [-] denotes dependence on the infinite jet bundle. If O +— #:

L(O) = Lgisc[u(corner of #)].
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Continuum limit of the Lagrangian
Series expansion is not the end of the story. The action would still be a

sum:
S= Z L(O) = Z Laisc[u(corner of #)].

Ueo A& c embedded o

We want an integral: S = / L. Locally:  L(O) :/ L.
I y 4

Euler-MacLaurin formula

n—1

S gl) = / dt-l-z ( (=1 (n g(’_l)(0)>
Jj=0
= /On (g(f) + ’; %g(')(t)>df=

where the B; are the Bernoulli numbers 1, — 2, é,O —%,0,
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Continuum limit of the Lagrangian

Two applications of the EM formula (in Miwa coordinates):

B;B;
LMiwa([U]a )‘17 >‘2) = Z Ja]_aj'cdlsc([u] )\17 )‘2)
s !
N
where the differential operators are 0y = Z( 1yrt=k

j=1

2)\ d
J dtj'

Then there holds

Laisc(O / Ltiwa([u(t)], A1, A2) m1 A na,

where 11 and 7, are the one-forms dual to the Miwa shifts.

This suggests the Lagrangian 2-form

D Lutiwallu], Nis Aj) mi Ay

1<i<j<N
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Continuum limit of the Lagrangian

Lemma

If every term in the power series Lyriwa is of degree > 0 in each );,

oo

)\’ N
Litiwa([U]; A1, A2) = Z( )'+J4 2/3 ijlul;
ij=1
then
Z TN (EMiwa([u], )\,', )\J)) ni N\ nj = Z E;J[u] dt,' AN dtj =: L.
1<i<j<N 1<i<j<N

Proof Evaluate £ on the Miwa shifts (v, b;) dual to (nx, n):

(L, (v, 07)) < > Lyluldt Ady (nk,n/)>

1<I<J<N
A /\
= Z Cilul(~1)"Ha"k

ij=1
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Continuum limit of the Lagrangian

Theorem
Y
If Latiwa([u], A1, A2) = ) (1) J47J—-£ij[u]=
ij=1
then L= Z Lij[u]dt; Adt; s a pluri-Lagrangian structure.
1<i<j<N
Proof Laise()) = /1 S Lusiwa[6(®)] A ) 1 A

1<i<j<N

:/ S Lijluldt Adt; + O AT,
¥ N

So for lMgisc —> [ under the Miwa correspondence:

L0y = /L‘ O 4 AN,
rdisc r

Such T are sufficient to derive all multi-time EL equations.
Mats Vermeeren (TU Berlin)
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Summary of the algorithm

L(U, Uy, Uz, U2, A1, \2)  Suitable choice = leading order cancellation

Miwa shifts, Taylor expansion

Edisc([u]a )\17 A2)

Euler-Maclaurin formula

[e.9]

A Y
Liwa([U], A1, X0) = D (~1)7H4=L Jzﬁu[]
ij=1

| |

> Lawwa(lul A M) mi A~ > Liglu]dt Adg

1<i<j<N 1<i<j<N
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Continuum limit of the Lagrangian for H1

The first row of coefficients is (with ux = uy,)

L1p = u1up
3

L13 = =20} — w11 + Zug + uu3
, 4 2 2 4

L14 = —4uiup — gl = ity = St + 3l2Us + Uiy

r o , 5 , 10, +5 +1

= —UujUjy — ZULUS — —UjU3 + —Uq1U —uiu

15 = 3rl1liy — Sty — —oUils + gUittin + Ui
—Euu 5 —iuu —Eu u —§u u
g U113 — gUip = 1o Uiliog — gty — g1l
—5u u —5u u+5u2+5uu + uu
1o 1122 = g1l U3 F 5 Uolia + U1ls
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Continuum limit of the Lagrangian for H1

The first row of coefficients is (with ux = uy,)

Li2 = u1ur
3
L13 = —2u3 — urun1 + ZU% + uu3
5 4 2 2 4
L14 = —4uiur — §U1U112 - §U11U12 - §U111U2 + §U2U3 + uruy
r 10 , 5 , 10, . 5 n 1
15 = —-U1Uy] — zU1Uy; — —-uju3 + —U11l1111 + zU1U11111
I R T 9 9
10 5 2 5 5 5
— —uiu113 — — TsULU122 — —U11U13 — ZU112U2
9 6 12 9 6
5 5 L2 5, n 5 n
— /U1l — ZU111U3 + < U —UpUg + UpUs
12 9 93" 4
How to get rid of these alien derivatives?
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Eliminating alien derivatives

A derivative uy, or uy, with k # 1,1,/ is called alien to £; ;

We can (in this case) get rid of the alien derivatives in each L;; by
» adding a total derivative Dy, ¢;, and
» discarding terms that have a double zero on solutions.

Then, to get an equivalent Lagrangian 2-form:

» also add Dy,¢; to the coefficients £j;.

This amounts to adding the exact form d(Zj cjdtj) to L.

The alien derivatives that are left in £;; can now be eliminated naively:

Theorem

If the coefficients £;; do not contain alien terms, then eliminating the
alien derivatives in £;; using the equations of motion yields an equivalent
Lagrangian 2-form.
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Continuum limit of the Lagrangian for H1

_1 3, 1,2 |1
L1 = 5u1u2 L13=—uj + 5u5; + su1U3
1 5,4 2 1,2 1
L14= sl L5 = —3u7 + 50Uy — 5ufyy T 5U1Us
2 1
Lo3 = —3uiur + u1u12 — U111l + SU2U3

Lo4 = Fusus

Los = —10u3us + 10uruniurn — S5udjup — 10w — tpa1uain +
U1111U12 — U1111142 + %Uzus

L34 = —u11t14 + 3U3U4

L35 = 18u? + 30ufu111 - 1OufU3 + 6u%1 u111 +8uy “%11 —6buiui1u111 +
3U%U11111 + 10U1U11U13 — 5U%1U3 — 10U1U111U3 — %uflll +

1
U111U11111 — Y1110113 + U1111013 — U11U15 — U11111U3 + 5U3Us

_ 3 2
L4s = —10ujus + 10uiuriuig — Sufjus — 10uun1us — vrritns +

1
U1111U14 — U11111U4 + 5UaU5
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Continuum limit of the Lagrangian for H1

1
L1 = 5u1lp L13= U1 + 32+ duus
1 1 1
L14 = 5U1Ug ,61,5 = —§U1 + 5u1u11 — Eulll +5uU1Us
2 1
Lo3 = —3uiup + u11U12 — U112 + FU2U3

Los=turuy

Los = —10ufu + 10U1U11U12 — 50 up — 10w ur11Us — Uriita1e +
uir11ti2 — U11111d2 + 5 U2U5

L34 = —u11U1a + Susuy

[,375 = 18Uir) + 30U%U111 — 1OU%U3 + 6U%1 ui11 +8uy u%ll —6buiuriu111 +
3U%U11111 + 10uu1u13 — 5u%1U3 — 101103 — luflll +

U111U11111 — U1110113 + U1111013 — U11U15 — U11111U3 + 5 U3U5

3 2
Las = —10u7us + 10U1U11U14 — Sufjus — 10uiur11us — uri1U114 +

U1111U14 — U11111U4 + 5 U4U5
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© Continuum limits

@ Other equations
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Other equations: Qls—g

U= UUip—Uh L-Ulip=U
Ao A2 A1 A1 B

U-— U1 U-—- U2 U2 - Ul
| = 2 | 12 [ _ 2 2 |
AL Og(—)\l ) A2 og(—/\2 ) (ML — A3)log Mo — AL

produces the Schwarzian KdV hierarchy

Ut2 o O

]
Ug,

2

Ugg 3ut1t1 Uttty
—_— = -5 —_—
U, 2ut1 Ug
Uy, —0

- Y
Uy,

4 2 2

us _ 45 utl t1 25”1.’1 t1 utl tity 5ut1 ti1t1 5ut1 t1 Utl titity + ut1 tititity
Y 3 N 2 2 ’
uy, 8uy, 2u3, 2ug, ug, Uy

Mats Vermeeren (TU Berlin) Continuum limits of integrable lattice systems November 3, 2017 36 / 43



Other equations: Qls—g

This continuum limit is implicitly contained in [Nijhoff, Hone, Joshi. On a
Schwarzian PDE associated with the KdV hierarchy. 2000]

They consider a non-autonomous generating PDE for z, »(t, s) depending
on continuous variables (s, t), and parameters (m, n). It commutes with
(Zn,m - Zn+1,m)(zn,m+1 - Zn+1,m+1) S (Ql(S )
== -0
(Zn,m - Zn,m+1)(zn+1,m - Zn+1,m+1) t

The SKdV hierarchy is recovered through the identification

2n  2m 2n 2m
Zn7m(t,5):V Xl+71+77,X3—{—73—{—7 .

t2 s 3t3  3s1
Setting t = A\{2 and s = A, we obtain the odd order Miwa shifts.

‘ Generating PDE for z, m(t, s) ‘

role reversal (n, m) < (t,s) Miwa expansion

‘ Quad equation Q1 }7continuum limit SKdV hierarchy
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Other equations: Q-list

All yield hierarchies starting with some version of the Krichever-Novikov
equation

Vi = Vix — gvxxv: % = gP(V)vf
Qls=1 — wv3=vi1— ;Vlzl‘/l_ %
R R
Q35—0 — w3 =wvi11— ZV121V1— % + %vf
Q4 — w=wvin-— 2V121v1— i + (1 + k)i + gm@

(— Lagrangian not explicitly known)
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Other equations: H3;5_g
Equation:
Al(eV+V1 _ eVg-‘er’Q) o /\2(6V+V1 _ eV1+V1,2)

3
—>V3=V111—2V1,...

But the Lagrangian

RN ANR TG szl
2
+ Iog(iz) log(V) + log()\5 )Iog( &2)

does not allow a series expansion

=0

u

NR%I
A2Us

Mats Vermeeren (TU Berlin) Continuum limits of integrable lattice systems November 3, 2017

)

39 /43



Other equations: H3;5_g

4 4

% Vo — V-V Vio— W+ V] -V
Alsin< 12+ V2 1 )—)\gsin( 12 2+ Vi ):O.

Three leg form:

A A Vi — V.
arctan Lt 2tan ! 2 =(V12— Vl)—(V— Vl).
A1 — Ao 4

Lagrangian:

1 1
L=(Vi= V) =5(Va= V) =Ty 5(V1 = V2),

A1+ A
Dx(x) = /arctan(Ai 1L )\2 tan(%)) dx.

. _ 1
— potential modified KdV hierarchy v3 = vq11 + 5\/13,
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Other equations: Open problems
» H2 and H35¢0:

(U= Up)(U — Us) =M = X)) (U+ U+ Up + Upp) = A3+ 23 =0
M (UUL + U U 2) — Ao (UUL + U Up 2) + 5(/\% — )\%) =0

Order mismatch in series expansion — no limit known.

» 3-dimensional case: lattice KP
1 1 1 1 1 1
(A_z - /\—3> Up Uz + <)\—3 - )\—1> Ur Uz + ()\—1 - )\—1) Us3Up =0

3 V2 4 Viviii 3 V2 3 Viv3
— vz =1 — +wn ! %

No Lagrangian limit known.
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Conclusion

Requirements:  » Multidimensional consistency.

» Suitable form of the equation and the Lagrangian.

Then everything is algorithmic:

L(U, Uy, Uz, U12,\1,A2)  Suitable form = leading order cancellation

l Miwa shifts, Taylor expansion
Laisc([u]; A1, A2)

l Euler-Maclaurin formula
o0

Latiwa([U], A1, 22) = ) (—1 )'+J4X )\zﬁu[ ]

ij=1

| |

Z Ltiwa([u], Miy Aj) ni Amj = Z L;jlu] dt; A dt;

1<i<j<N 1<i<j<N
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Relation to Hamiltonian formalism
Consider a pluri-Lagrangian two form Z,-J Lidt; A dt; with

Ly = %vxvtj — hj(v, Vi, - - )
and L such that the multi-time Euler-Lagrange equations are
(51hj

OVy

v, = &j(Vie, Vax - - -) with gj =
Introducing the variable u = v, we can write this as

uy, = Dxgj(u, ux, .. .).

This equation is Hamiltonian with Hamilton function h; w.r.t. the Poisson

bracket 5N 5
f, 1 18
(r.fe) = [ (0.20) 2
on equivalence classes ([ -) mod x-derivatives.

If the pluri-Lagrangian two form Z - L;dt; A dt; is closed on solutions,
T s M Teeiians 5 n el {[hi, [hi} =0
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Relation to variational symmetries

[Petrera, Suris. Variational symmetries and pluri-Lagrangian systems in
classical mechanics. arXiv:1710.01526.]

Consider a mechanical Lagrangian L(q, g;).

We say that a (generalized) vector field V/(q, g¢) is a variational symmetry
if there exists a function F(q, g¢), called the flux, such that

Dy L(q,q:) — D:F(q, g:) = 0.

Noether’'s Theorem

If V(q,q¢) is a variational symmetry with flux F(q, g:), then

oL(q,
J(q,q:) = % -V(q,9:) — F(q,q:)

is an integral of motion.
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Relation to variational symmetries

If we have a variational symmetry V with flux F and Noether integral J,

then there is a pluri-Lagrangian one-form

ﬁ - Ll(q7 qt:» qtg) dtl + LZ(qa qt;» qu) dt2

with
L1(q, 94, 95) = L(q, 1)
oL(q,q
L2(q7 at; 5 qtz) = E.atl) “qdt, — J(q7 qtl)
qtl
dL(q,
= M) (g, V(g q0) + Fla.90)
qtl
which produces the equations of motion
oL d oL
— - = d =V
aq dt]_ aqtl an qt2 (q’ qtl)

If we have k commuting variational symmetries, we can produce a
pluri-Lagrangian system in k 4+ 1 dimensions.
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