1 M Loughborough
+v' University

A variational principle for integrable systems

Mats Vermeeren

17th International Young Researchers Workshop
on Geometry, Mechanics and Control

March 29-31, 2023



Contents

@ Integrable Hamiltonian systems

© Lagrangian formulation of integrability

© Connections to established concepts

@ Discrete integrable systems



Hamiltonian Systems
Hamilton function

H:T*"Q=R*N =R :(q,p) — H(q,p)
determines dynamics:

_OH . OH
~ Op; Pi= 0q;

Canonical Poisson bracket of two functions of T*Q:

{f’g}:i<8f og  Of ag>

qi

dpi dq;  Dq; dp;

Dynamics:

d
1:7(@p) = {H(a,p) . f(a,p)}
Note that f is a conserved quantity if and only if {H,f} = 0.
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Liouville integrability

A Hamiltonian system with Hamilton function H: T*Q =2 R?*N — R is
Liouville integrable if there exist N functionally independent functions
H = Hi, Ho, ..., Hy that satisfy {H;, H;} = 0.

» Each H; defines its own flow: N dynamical systems

» Each H; is a conserved quantity for all flows.
» The flows commute.

Integrability ~ being part of a
large set of compatible equationsJ

Consequences:
> State stays on a level set {H; = const}. h
» If compact, this level set is a torus.

» Dynamics on the torus is linear in action-angle variables.
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Two commuting flows
Let z = (g, p). Consider two Hamiltonian ODEs

T (e )
with {Hl, H2} =0

df(z) B
)

The flows commute, meaning that evolution can be parametrised by the
(t1, t2) plane, called multi-time.

t PR » Z(t1,t2) independent
g _.-/\ of path through
L7 o-=77 L7 multi-time
Initial condition .7 _--~ Pt !
z(0,0) &= azzs s -

Additional commuting equations can be accommodated by increasing the
dimension of multi-time: R instead of R?.
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Lagrangian formulation of Liouville integrable system

On the Hamiltonian side, commutativity is implied by {H;, H;} = 0.

What about the Lagrangian side?

Suppose we have Lagrange functions L; associated to H;.

Pluri-Lagrangian (Lagrangian multi-form) principle for ODEs

combine the L; into a Lagrangian 1-form

N
Llgl =" Liqldt 2y -=
[q] — l[q] tl' ”’ N
i=1 // /II'I
Look for dynamical variables q(ti,...,ty) ,',’E
such that the action ol
-’ II .
G = / £[d] S
r 1 /, !
i ’ !
. .. . . . 4 1
is critical w.r.t. variations of g, simultaneously ! -,
over every curve I in multi-time RV t
v
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Multi-time Euler-Lagrange equations
Assume that

Lilg] = L1(9,q)  and  Li[q] = Li(q,qs,qr), i#1
Then the multi-time Euler-Lagrange equations for £ = ). L;[q] dt; are

Usual Euler-Lagrange equations: % — i% =
Brange CqUATONS: 9q T dt; 0y
L; i L\_lf: ;
Usual EL wrt to alien derivatives: 0 == g =0, i#1
aqtl iaCItl v
L; L;
Additional conditions: 8_ = L
9qr,  0qy

Suris. Variational formulation of commuting Hamiltonian flows: multi-time Lagrangian
1-forms. J. Geometric Mechanics, 2013

Suris, V. On the Lagrangian structure of integrable hierarchies. In: Advances in Discrete
Differential Geometry, Springer. 2016.
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Example: Kepler Problem

The classical Lagrangian
1 1
Lilq] = g > + —
can be combined with
L[gl=qt - qr, + (g X q) - € (e fixed unit vector)
into a Lagrangian 1-form £ = Lidt; + Lodty.

Multi-time Euler-Lagrange equations:

8[_1 d 8L1 q . .
—_— - =0 = =—— Kepl t
gt oq, At t, PE (Keplerian motion)
oL, d 0L
—_— — — =0 = =
8q dt2 8qt2 qt1t2 € X qtl
oLy .
e g, =€ X% q (Rotation)
oLy 0Ly N B
aqtl - 8qt2 qtl - qt1
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Derivation of the multi-time Euler-Lagrange equations

Consider a Lagrangian one-form £ = Z Li[q] dt;

]

If the action fr L is critical on all stepped curves [
in RN, then it is critical on all smooth curves. |7_

Variations are local, so it is sufficient to look at an
L-shaped curve ' =T; UT;.
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Derivation of the multi-time Euler-Lagrange equations

On one of the straight pieces, I'; (i # 1), we get tj

oL; oL; oL;
5/ L;dt;:/ ( —4 — .)dt,'
r r a a tl qtl 6qt,- qt,

Integration by parts (wrt t; only) yields 7
2

oL; d 9L; oL; oL;
1) L;dt; = - — 0qg + —dq dt; + —96
/F,- /F,- (< aq dt; aqti) 7 8 qu > aqfi 7

Since p is an interior point of the curve, we cannot set dg(p) = 0!

p

Arbitrary dq and dqy, so we find:
Multi-time Euler-Lagrange equations

o _doL oL _, oL _ L
Bq dt,’ 8%- ’ aqtl ’ aqt, 8%
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PDEs (2-dimensional)

Pluri-Lagrangian (Lagrangian multi-form) principle
Given a 2-form
L =3 Lilgldti A dt,
find a field g(t1, ..., ty), such that /£ is critical on all smooth
r

2-dimensional surfaces I in multi-time RV, w.r.t. variations of qg.

Multi-time Euler-Lagrange equations are again a combination of the usual
Euler-Lagrange equations and new ones involving several L;;.

Examples: potential KdV hierarchy, AKNS hierarchy, ...
31 March 2023 9/19




2-form example
Consider the first two equations of the potential KdV hierarchy:

Qt, = Qxxx T 3q)2<,
At; = Qxxxxx + 10qquxx + 5q)2<x + ].Oq)?:7

where we set t; = x. These are Lagrangian, in a weak sense, with

1 1
Lo 2qxqt2 - quqxxx - q)3<,

1 1 5
Li3 2qxqt3 2q>2<xx + 5qxq>2<x - Eqi

A suitable coefficient L3 of
L = Lipdty Adty + Lizdt; Adts + Lasdir A dts
can be found (nontrivial task!), depending on

Axy Qxxs -+ + 5 qt27qxt27--'a qt37qxt37"'
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2-form example

The usual Euler-Lagrange equations of Lj» and Lj3 yield
d
Axt, = &(qxxx + 3q)2<)

d
Axt; = &(qxxxxx + 109 Gxex + 5CI)2<X + 10q)3<),
but the multi-time Euler-Lagrange equations of £ consist of

Qt, = Qxxx T+ 3q>2<
Qt; = Qxxxxx + 10qquxX + 5q)2(X + ].OC])?:,

and consequences thereof.
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Connections to established concepts

> We can pass between the pluri-Lagrangian and Hamiltonian
formalisms for 1-forms* and 2-forms!.
The Hamiltonians are in involution if and only if d£ = 0 on solutions.

» Lagrangian 2-forms can be derived from matrix Lax pairs with a
rational dependence on the spectral parameter.

> The flows of a pluri-Lagrangian system are variational symmetries of
each other if and only if d£ = 0 on solutions.}

* Suris. Variational formulation of commuting Hamiltonian flows: multi-time Lagrangian
1-forms. J. Geometric Mechanics, 2013

V. Hamiltonian structures for integrable hierarchies of Lagrangian PDEs Open
Communications in Nonlinear Mathematical Physics, 2021.

¥ Sleigh, Nijhoff, Caudrelier. A variational approach to Lax representations. Journal of
Geometry and Physics, 2019.

§ Petrera, V. Variational symmetries and pluri-Lagrangian structures for integrable
hierarchies of PDEs. European Journal of Mathematics, 2021
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Discretisation of Hamiltonian systems

Hamiltonian ODE —  symplectic map

Liouville-integrable — commuting symplectic maps
system (or symplectic map with conserved quantities?)

Hamiltonian PDE —  partial difference equation:
multisymplectic map on a lattice?

Variational principles are easier to discretise
Lagrangian multiforms provide a unified perspective J
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Quad equations

Discrete integrable equation for U : Z? — R:
Q(U7 U17 U27 U127 )\17 )\2) =0

» Subscripts of U denote lattice shifts.
» A1, A\ are lattice parameters.

Discrete analogue of commuting flows:

Multi-dimensional consistency
The three ways of calculating Uj23, using
Q(U7 Ui7 UJ7 UU7)\I7>\J) = 07

and its shifts, give the same result.

Example: lattice potential KdV:
(U — U12)(U1 — U2) — A +X=0

Uo

A2

A1
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Variational principle for quad equations
For some discrete 2-form
L(Oy) = L(U, Ui, Uj, Ui, Aiy Aj),

the action Z L£(0) is critical on all 2-surfaces I in Z" simultaneously.
Der

Discretising Hamiltonian structures is ambiguous. But the discrete and
continuous variational principles are essentially the same.

Lobb, Nijhoff. Lagrangian multiforms and multidimensional consistency. J. Phys. A.
20009.
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Semi-discrete Lagrangian multiforms

Consider a sequence of particles on a line:
g g9 4
One discrete (space) dimension, many continuous times.
Toda lattice: exponential forces between neighbours,
dut, = exp(g — q) — exp(q — q). (T1)
(T1) is part of a hierarchy. Its next member is
an = qz, +exp(§ — ) + exp(q — q)- (T2)

It possesses a semi-discrete Lagrangian 2-form with the following
coefficients (0" stands for the discrete direction):

1.2 _
Lor = 543, —exp(d — q),
_ 1.3 ~ ~
Lo = G1,qt, — 39, — (9 + Gn) exp(q — q),
_1(5 = =22
L12 — 4 (qtz —qut — qtl) .
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Semi-discrete Lagrangian multiforms

For the semi-discrete Lagrangian 2-form with coefficients
=395 —exp(§ — 9),

Loz = qu,qr, — 395, — (a5 + G) exp(§ — q),
L12 = % (qtz - dtltl - 651)2-

the multi-time Euler-Lagrange equations are

Loz

9nn = exp(§ — q) —exp(q — q), (T1)
e, = gz, +exp(q — q) +exp(q — 9), (T2)
and
%qtm — Qut9n — 246,94 — %qtltltltl + 3qfl Gut, = 0.

The multiform produces a scalar PDE at a single lattice site.
It can be shown that the system (T1)—(T2) implies this PDE.

Sleigh, V. Semi-discrete Lagrangian 2-forms and the Toda lattice. J. Phys. A. 2022.
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Summary

» Lagrangian multiforms (pluri-Lagrangian systems) provide a unified
approach to various types of integrable systems:

ODEs and PDEs,
discrete, semi-discrete, and continuous.

» Closedness of the Lagrangian form, i.e. d£ = 0, is related to
variational symmetries and Hamiltonians in involution.

» To do:

» Relation to bi-Hamiltonian structures.

» Characterisation of special solutions.

P Relations between integrable systems of different kinds.
» Links to differential geometry.
>

Application to gauge theories (infinite-dimensional symmetry groups).
— Noether's second theorem.

> ..
Thank you for your attention!
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