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Variational principle in multi-time

A simultaneous solution is a function

qg:RN - Q (multi-time to configuration space)

such that g—g generates the dynamical system and g—g its symmetries.

Pluri-Lagrangian principle

Combine the L; into a 1-form
to

N
Llgl = Li[q]dt;.
i=1

3 -Isszzdtg
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Look for dynamical variables q(ti,...,ty) o
such that the action Rt
"Is = [Lidt
Is Z/ﬁ[q] Ll e Jhda
S "y
is critical w.r.t. variations of g, simultaneously | 't
over every curve S in multi-time RV
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Multi-time Euler-Lagrange equations

q;: mixed partial derivative of g defined by a string | = t;

R
If I is empty then g, = g.

Iy -

Denote by 5—' the variational derivative in the direction of t; wrt g;:

qi
5if < 4o of of d of &% of
L 1) _J 4 as B
dqn ;( ) dtf* Oqpe dq; dt;Oqp, + dt? Oqy,e

Consider L[q] = Z Li[q] dt; with Li[q] = Li(q; qt;, Gr;t;s - - -)-

1

Multi-time Euler-Lagrange equations / Multi-time EL eqns

: 0iL;
Usual Euler-Lagrange equations: —— =0

o VI % t;,
" " OiL; 0;L;

Additional conditions: —— = L~ v,
q/t,' 5QItj
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Derivation of the multi-time Euler-Lagrange equations

Consider a Lagrangian one-form £ = Z Li[q] dt;.

Lemma 7Q

If the action fsﬁ is critical on all stepped curves S
in RN then it is critical on all smooth curves. |7_

Variations are local, so it is sufficient to look at an
L-shaped curve S = S; U §;.

Suris, V. On the Lagrangian structure of integrable hierarchies. Advances in
Discrete Differential Geometry, 2016.
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Derivation of the multi-time Euler-Lagrange equations
On one of the straight pieces, S; (i # 1), we get

aL; . .
5/51.L"dt":/5le:8q/5qldt’
- [ X

i
i 1Ft; =0 i

tj

oL
Yo dt;
Dsee qit

Integration by parts (wrt t; only) yields

o;L;
5/ L,'dt,':/ S dt; +
s; s-Z oy Z

i1t

oL;
ey

8q/t,’ C

Since p is an interior point of the curve, we cannot set 6g(C) = 0!

Multi-time Euler-Lagrange equations

OiL; oiL;  0jL;
— =0 VIZt, and — =24
5q/ 3 6q/t,' 6q/tj
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Newtonian system with symmetries
Consider £ =", L;dt; with
L = 3laf* = Vi(q)
Li=aq-qi — Hi(q, q1)

Multi-time Euler-Lagrange equations

5(1521:0 = %qu_ddhg::() = qu=-V(q)
oL L LALLM,
oq dq  dt; dq; 9q
o;L; 0 - oL; o, ~ = OH;
oqr g oq

L L oL oL

trivially satisfied

= == = = —
6qi  4gq; g, 0Oqy
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Exterior derivative of L

As before, consider L; = g1 - gi — Hi(q, 1)
Multi-time Euler-Lagrange equations:

_ OH;
- g

OH;
dq

qi and Qi = —

Coefficient of dC

Al AL _ (o OHN (OHN (RN (oK,
dt; dtj =\ 91 8(] qj aqi q1j aq qgi 8QI

— {Hi-Hj}

Observation (also for PDEs): d£ has a “double zero” on solutions.

dL = 07 is key to the Lagrangian multiform approach.

Relation between d.£, double zeroes, and Poisson brackets is emphasised in:

Caudrelier, Dell’Atti, Singh. Lagrangian multiforms on coadjoint orbits for
finite-dimensional integrable systems arXiv:2307.07339
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Interpretation of closedness condition

If d£ = 0, the action is invariant

wrt variations in geometry

Deforming the curve (surface) of

integration leaves action invariant.

0y PRy
4 »
!
52,/ /
s ’
e
p D y
4 ’
4 ’
y .5
.
.N —”’

> 11
/ﬁ—/ £=/d£:0
St S» D

Recall:  pluri-Lagrangian principle

only considers variations of q.

Mats Vermeeren MTEL eqs & double zeroes

dL provides an alternative deriva-
tion of the EL equations:

We can restrict the variational
principle to simple closed curves
(surfaces) of integration, i.e.
boundaries of a submanifold S.

Then
1) £ = / odL,

hence the pIurl—Lagranglan princi-
ple is equivalent to 6dL = 0.

Multi-time EL equations can be
obtained from variations of d.L. ’

If d£ has a double zero, then ¢ is

critical
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Multi-time Euler-Lagrange equations from ddL = 0

. dL; L;
Coefficients of dL:  Pj=—2 — dLi (1-form case)
dt; dtj
ip . (5ij . 5,’L; where 1) . 0 if / ? ti
5ql Y 6ql\t,' 5q/\tj 5q/\t,’ % |'F | = Ktl
d« dﬁ oLj;
where 1)+s g
a d
Generalises to k-forms for any k: Py, = Z(—l)o‘dti Lio...i;...ik
a=0
k
6!'0 I 51 oo
P, L = 1 O‘ML ~ .
56;'/ 0---Tk O;)( ) 5ql\ 0. dey eIk

Sleigh, Nijhoff, Caudrelier. Lagrangian Multiforms for the KP and the GD
Hierarchy. IMRN, 2021.
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Multi-time EL equations for £L[q] = Z Lilq] dt; A dt;

IJ
For 2-forms we have three types of multi-time EL equation:
=0 VI %t t;,
dq ? /
ijli _ duLi
Oty _ Ol V%,

5qltj - 5QItk
(S,JL,J n 5jkl-jk n OkiLii
6QIt,-tj 5qltjtk 6q/tkt,'

=0 vi.

where

M _ i i(—l)‘“‘ﬁﬁﬁ OLjj
dq; 5=0 50 dt?‘ dtJB 8qlt;’tjtg

Generalisation of stepped surface approach to higher forms is possible,
but trickier than using 60dL = 0.

Mats Vermeeren MTEL eqs & double zeroes October 2023 10 /27




Contents

@ Constructing examples using the double zero property



Potential KdV-type hierarchy

Consider a 2-form with the first row of coefficients of the form
1
Lli:§V1Vi_Hi(>°< V1,V11,...) (q—)v)
01 H; - Vi — o1 H;
ov I
dly;  dLy;  dLj

dtj dt; dty
dLy; dLlj B 1 ' (51HJ . o1 H; 1 . o1 H; _ (51Hj
dt; dt;, 2 <v11 + ov Vi ow 2 Vii + ov Vi ow

1 51Hj(51H,' 0 701 Hj

- ={H;, H;
+2 ) % ov 0wy {Hj, Hi}
d (151/4,- 161H;

o1 H; (51Hj
de \ 2 v g 2 dv V'+;<5v1a V12 dvia viei

Its Euler-Lagrange equation is  vy; = —

We look for Lj; such that = 0%
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Potential KdV-type hierarchy

The multi-time Euler-Lagrange equations of this 2-form are

oril1i __01H;

v 0 = w= ov
o1il1i Oyl _ O01H;
Svi dvj = Vi= ovy

Formulating the construction in terms of double zeroes of dL explains the
“miracle” of finding the evolutionary equations as Euler-Lagrange equations.

Early works relied on d£ = 0 but did not explicitly use the double-zero property:
Suris, V. On the Lagrangian structure of integrable hierarchies. 2016
V. Hamiltonian structures for integrable hierarchies of Lagrangian PDEs. 2021

Double zeroes did appear in works on variational symmetries and 2-forms:
Sleigh, Nijhoff, Caudrelier. Variational symmetries and Lagrangian multiforms. 2020

Petrera, V. Variational symmetries and pluri-Lagrangian structures for integrable
hierarchies of PDEs. 2021
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More general kinetic term

Consider Lyi = P(v,vi,v11,...)vi — Hi(v,v1,v11,...)

51H (D* P)fl 51I-IJ

ov’
where Dp is the frechet derivative of P and D its adjoint.
We find

00 oo a—1
(51H,‘ 51/‘/ oP
Lij = — E ((SvlaVlaj 31 <o Ve ) - E (—1)"Viga-s- 18 < Vj)
=0

It induces the Poisson bracket {H;, H;} =

a=0 a=03 Ovie
oo a—1
_101H; oP
- Sy (oo - o B o (22)
o s ov Ovia
co a—1
_3_ oP 0 H;
a—pB—1 &) * —1 9171
- e s (o (05 = D) 120

Question. For which P and H; is (D} — Dp)*l% well-defined?
Question. For which P and H; do the flows commute?
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Semi-discrete geometry

Only 1 discrete direction: Z x RN

A semi-discrete surface is a collec-
tion of surfaces and curves in RV
at a specified point in Z

Intuition: curves where the surface
jumps to a different value of Z

d-dimensional semi-discrete submanifold S
S= <|_| S| 53)
keZ keZ

Sd=1: oriented (d — 1)-dimensional submanifold of RV
Sg: oriented d-dimensional submanifold of RV.

Sleigh, V. Semi-discrete Lagrangian 2-forms and the Toda hierarchy. Journal of
Physics A, 2022.
Ry
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Semi-discrete geometry
» Consider (scalar) functions q of Z x RV,
Superscript to emphasise lattice position: gl = q(k, t1,..., ty)

» Semi-discrete d-form
£lq] = (£#[a], £71q])

consists of a (d — 1)-form and a d-form.

» The semi-discrete integral over semi-discrete submanifold S

/sﬁ[q] _ zk:/sg_l rd-1 [q[kl] I zk:/sg rd [q[kl] ,

» \We have semi-discrete versions of the exterior derivative, the
boundary, and Stokes theorem
Variational principle
Look for g(k, t1,...,ty) such that the action [s L[q] is critical w.r.t.

variations of g, simultaneously over every semi-discrete surface S.
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Newtonian (p = q1) lattice

Consider particles on a line:

@ @ @
— q[k+1]

One discrete dimension, many continuous times

Suppose we have Hamiltonian densities H;(q, g1, G, Gy, - - .) such that

doH,; and oo H;
= — n [ = —
qi (5CI1 aii 5q
Then we consider the Lagrangians
Loi = q1qi — Hi )

E.g. Toda lattice: H; = %qf +exp(g — q)

_ 1.3 - -
Hy = 367 + (g1 + G1) exp(q — q)
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Finding L;

SoH; SoHi SoHi SoH;
iLoj — OjLoj = - i— — | qui e
OjLoi — OiLo; (qh + 5q > (q 7 ) <CI1 + 5q > (qj 7

50H,-50Hj doH;i-6oH; .
K 5q 5q1 j! { ’ } 0

— [ doHi ot ooHi i1
(Z ( §To+lg UG+ 57art a T q

a=0
5 ‘ 1- 5 ‘ t.
0%y TaJrlCJi 0%y Ta+1(]1i)>

- §Tetlg STt

so we achieve a double zero of J;Lo; — 0iLoj + ALj; if

e}

_ doHi otlg, ooHi a1
Ly = Z (57‘a+1 T 5Ta+1 q1T qij
a=0
50Hj +1 50Hj +1
- G — g T i ) — AF;
5Ta+1qT 9 5Ta+1Q1T n Y

Mats Vermeeren MTEL eqs & double zeroes October 2023 18 /27



Toda lattice

Loy = 55 —exp(§ — q)
Loo = ;192 — 39; — (@1 + @1) exp(G — q)
L1 = —exp(g — q)° — exp(q — q)(af + Gu1 — G2)

Euler-Lagrange equations:

do1L -

0(15q°1 =0 = qu=exp(@—q)—exp(q—q) (1)
doo L _

(Zsquoz =0 = @=q+exp(@—q)+exp(q—q) (2)
S1al 1 1

1(25q12 =0 = 5922 — qua2 — 2q12q1 — S + 3¢iq11 =0 (3)

The PDE (3) is a consequence of the DDEs (1)—(2)
because exterior derivative has a double zero on solutions of (1)—(2)
October 2023 19/27



The PDE

The equation

Lo — qu1q2 — 2q12q1 — Lqu111 + 351 =0
is a Boussinesqg-type integrable PDE.

(Equivalent forms have appeared in classification results.)

DDEs as Bicklund transformations
The first two Toda equations can we written as

_ 1
exp(§ —q) = (92 + qu1 — Q%),
2

1

exp(q — q) = =(q2 — qu1 — G5).
2

which give an auto-Bicklund transformation for (3)

Mikhailov, Novikov, Wang. On classification of integrable nonevolutionary
equations. Studies in Applied Mathematics, 2007.
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Potential Volterra hierarchy

The equations _
qi1 = —q1 (CI1 - gl)

e=q(@+aqa+q)
Provide a double zero for the semi-discrete Lagrangian 2-form

Lo1 = qilog(q1) — 91 — o1

-1 _
Lo> = g2 log(a1) — g% — 50 — @1

Liz=—¢% — 13 + q1G11 + 9132

The first form of L;5 yields the Levi system
21191 + 291911 +241G11 — G111 — q12 =0
2911q1 + 291911 +2q1911 — G111 —q12 =0

The second form of Ly, yields a scalar PDE equivalent to it.
October 2023

21/27



PDEs for any intergrable differential-difference equation?
Probably not. ..
» Given Lg;, the double-zero property provides an algorithm to find L.

» The L generally depend on several lattice shifts.

Eliminating these has been done by trial and error.
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The generating PDE, stripped down
The generating PDE for KdV has a Lagrangian 2-form with coefficients

1 Cj Cj u’.2j
Lj= 5(144_ 7) it +

Set n; = n; = 0 and replace t; by constants.

Then
dl = A,‘jkB,'J'k dt; A dtj A dty
with Uik
Ak = (ci = ¢)—— + (G — k)~ + (ck — ¢i)—
idj ljUk ujug
Uil ujiUig Uk Uik
Bk = i Uik Uitk | Uikt
u; uj Uk

Nijhoff, Hone, Joshi. On a Schwarzian PDE associated with the KdV hierarchy.
Physics Letters A, 2000

Lobb Nijhoff. Lagrangian multiforms and multidimensional consistency. Journal
of Physics A, 20009.

Sleigh. The Lagrangian multiform approach to integrable systems. 2021.
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U2
L’J et %(Cl CJ)U,UJ

The multi-time Euler-Lagrange equations

Uil UiUjj

2 juz
Wil ujju U n Ujjui n Uiidilji

ujj — > > 0
uj ujp u; uj uj uj ujuj
R )] - o 2 i
Ci— G ij ujij ujj Ci— Ck [ Uy Uji Uj
— — ujj - — Uik + =0
ujuj 2UJ' u; ujuy 2uk H
Uik
y J !
(6~ )2 4 (6~ a2 4 (o — ) =g
ujuj uju u; Uy

are consequences of Aj =0 and Bjj = 0:

(6= )y o+ (G =)o+ (o — @) =0

ujuj ujuy uiu
Ujj Ui UjjUjk Ujj Ujk
Ujjke — — + —+ =0
uj uj Uy

Both of these equations have geometric meaning.
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Aj =0

If u solves the Veronese Web Equation

ujj Ujk Uik
(C;—Cj) J (Cj—Ck) J + (ck — i) =0
uju; uj Uy Uj Uy
then
M) — (o — )21 g2 — )2 M2 g2 — )2 B g2
= (o — ¢ dt; + (c Cc1 dts + (a0 — o dt
gV = (e~ @ dff + (e - af L 2dB + (o - )t did
u u: u
wzfjdtlfﬁdtzfﬁdtjg
I u» u3

is an Einstein-Weyl structure, i.e. there is a torsion-free connection D s.t.
1 1
D; j(k) = wj j(k) (Weyl)
(Ricp) (i) = Ngij (Einstein-Weyl)

Calderbank, Pedersen. Einstein-Weyl geometry. Surveys in Differential Geometry,
2001.

Dunajski, Krynski. Einstein—-Weyl geometry, dispersionless Hirota equation and
Veronese webs. Math. Proc. Cambridge Philos. Soc, 2014
St T



Bjx =0

If u solves viu v vt
ij Uik ij Uik ik Ujk
e — ik, Uitk | ljk _

0

uj uj U
then the diagonal potential metric (Egorov metric)
g® = wdt + uwpdtd + uzdt?

has diagonal curvature: only nonzero components of curvature are R'j;;

Lagrangian multiform connects these two geometric equations.

Do we believe in coincidence?

Dubrovin. Differential geometry of strongly integrable systems of hydrodynamic
type. Functional Analysis and Its Applications, 1990.
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Summary

» Different derivations of multi-time Euler-Lagrange equations
(stepped curves/surfaces vs 0dL): matter of personal taste.

» Factorisation of d£ is key to constructing examples.
» Comparing factorisation of d£ and multi-time Euler-Lagrange
equations leads to nontrivial connections!

» Differential-difference equations and PDEs.
» PDEs and very different PDEs.

Thank you for your attention!

Mats Vermeeren MTEL eqs & double zeroes October 2023 27 /27



	Two routes from variational principle to equations
	Stepped curves/surfaces
	Variations of dL  double zeroes

	Constructing examples using the double zero property
	Semi-discrete Lagrangian multiforms
	A curious connection
	Summary

