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Motivation

Lagrangian multiform theory (aka pluri-Lagrangian systems)
Variational principle for hierarchies of PDEs.
First step to construct: find a Lagrangian for one member of the hierarchy.

Example: KdV equation ut = uxxx + 3uux
▶ Traditional EL equations do not produce scalar evolutionary equations.
▶ Could try differentiating:

uxt = uxxx + 3uuxx + 3u2
x

but still not an EL equation
▶ Need to pass to potential variable, u = ūx :

ūxt = ūxxxx + 3ūx ūxx

is EL equation of L = 1
2 ūt ūx −

1
2 ūx ūxxx − ū3

x .
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Motivation

Why is ū the right variable?
Are there other ways to make a Hamiltonian PDE Lagrangian?

Dorfman. Dirac structures of integrable evolution equations. 1987.
Dirac structures generalise both Hamiltonian and symplectic operators,
which are key ingredients in the Hamiltonian resp. Lagrangian formulation.

Mokhov. Symplectic and Poisson structures on loop spaces of smooth
manifolds, and integrable systems. 1998.
Studies relations between invertible symplectic operators and Hamiltonian
operators, considers classification problems, gives examples of
bi-Lagrangian structures.

Nutku & Pavlov. Multi-Lagrangians for integrable systems. 2002.
Many examples of integrable PDEs with several non-equivalent
Lagrangians, but the strategy to obtain them is not clearly explained.

Bustamante & Hojman. 2003. Pavlov, Vitolo. 2017.
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Hamiltonian systems
In mechanics: iXω = dH
Symplectic form ω defines an operator Ω : TQ → T ∗Q

ΩX = dH (symplectic)

Non-degeneracy of ω implies that Ω is invertible, A = Ω−1 : T ∗Q → TQ

X = AdH (Poisson)

In classical field theory: (Poisson) generalises to

ut = AδH

δu

A may not be invertible, so cannot write analogue of (symplectic).

Example: KdV can be written as

ut = ∂x(uxx +
3
2u

2) = AδH

δu

with A = ∂x and H = −1
2u

2
x +

1
2u

3.
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Lagrangian mechanics in phase space

Lagrangian description of

Ωz t = ∇H(z)
Variational principle in phase
space:

L =
1
2
z⊤Ωz t − H(z)

In Darboux coordinates,

L =
∑
i

qipi − H

(z : R → T ∗Q)

Lagrangian description of

z t = A∇H(z)
Introduce new variables z̄ by

z = Az̄

If A is constant: ∇z̄ = A⊤∇z .
If A is skew-symmetric:

Az̄ t = A∇zH(z)
= −∇z̄(H(Az̄))

which is the EL equation of

L = 1
2 z̄

⊤Az̄ t + H(z̄)

Does this generalise to Hamiltonian PDEs ut = AδH

δu
?
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Potential variable as dual space variable
▶ Space of independent (space-)variables Rm.
▶ Dependent variables take values in vector space U.
▶ Dual space Ū, bilinear pairing ⟨·, ·⟩ : U × Ū → R.
▶ Phase space F = {Rm → U | smooth, rapidly decreasing},

and dual F̄ = {Rm → Ū | smooth, rapidly decreasing}.
▶ Pairing extends to ⟨·, ·⟩ : F × F̄ → C∞(Rm,R).∫

⟨·, ·⟩dmx : F × F̄ → R.

Fibre of TF can be identified with F , fibre of T ∗F with F̄ .

Hamiltonian operator on F : fibre-preserving map A : Γ(T ∗F) → Γ(TF)
from 1-forms to vector fields, satisfying certain conditions.
Constant Hamiltonian operator: A : F̄ → F .

Potential Hamiltonian variable ū, defined by u = Aū

The phase space is now F̄ . Ū becomes the primary space and U the dual.

Mats Vermeeren Multiforms and bi-Hamiltonian systems 5 / 27



Potential variable as dual space variable
▶ Space of independent (space-)variables Rm.
▶ Dependent variables take values in vector space U.
▶ Dual space Ū, bilinear pairing ⟨·, ·⟩ : U × Ū → R.
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Hamiltonian and symplectic operators
A : F̄ → F is a constant Hamiltonian operator on F if
▶ A is skew-adjoint:

∫
⟨f ,Ag⟩dmx = −

∫
⟨Af , g⟩dmx , where f , g ∈ F̄

▶ {F ,G}F :=
∫
⟨ δFδu ,A

δG
δu ⟩d

mx satisfies the Jacobi identity,
where F ,G : F → R and δF

δu ,
δG
δu : F → F̄

J : F → F̄ is a constant symplectic operator on F if
▶ J is skew-adjoint:

∫
⟨X ,JY ⟩dmx = −

∫
⟨JX ,Y ⟩dmx ,

▶ ω(X ,Y ) :=
∫
⟨X ,JY ⟩dmx defines a closed 2-form,

where X ,Y : F → F

The following are equivalent:
▶ J is symplectic
▶ there exists a p[u] = p(u, ux , uxx , . . .) such that J = ℓ∗p − ℓp
▶ J ut is the Euler-Lagrange expression of L = p[u]ut

In particular, J ut = −δH

δu
is an Euler-Lagrange equation if J is symplectic.
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Relating Hamiltonian and symplectic operators

Theorem [e.g. Mokhov, 1998]

A is a Hamiltonian operator if and only if A−1 is a symplectic operator

Proof idea: Find vectors X ,Y ,Z and functionals F ,G ,H such that
dω(X ,Y ,Z ) = {F , {G ,H}}+ {G , {H,F}}+ {H, {F ,G}} ■

Lemma
If A : F̄ → F is a constant Hamiltonian operator on F and H : F → R,
then

δH ◦ A
δū

= A∗ δH

δu

= −AδH

δu

If A is constant and invertible, the Lemma allows us to identify the bracket

{F ,G}F̄ :=

∫ 〈
δF

δū
,A−1 δG

δū

〉
dmx

with the Poisson bracket −{·, ·}F , so A−1 is a Hamiltonian operator on F̄
and A is a symplectic operator on F̄
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δū

〉
dmx

with the Poisson bracket −{·, ·}F , so A−1 is a Hamiltonian operator on F̄
and A is a symplectic operator on F̄

Mats Vermeeren Multiforms and bi-Hamiltonian systems 7 / 27



Express ut = AδH
δu wrt potential Hamiltonian variable

Using u = Aū and the Lemma:

ut = AδH[u]

δu
=⇒ Aūt = −δH[Aū]

δū

Since A is a symplectic operator on F̄ , the is the EL equation of a
Lagrangian of the form

L = p[ū]ūt − H[Aū]

The same conclusion holds if A is only surjective (and constant).

Switching to the potential Hamiltonian variable ū

▶ switches the roles of F and F̄ ,
▶ turns the Hamiltonian operator A into a symplectic operator,
▶ turns a Hamiltonian PDE into an EL equation.
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Example: KdV
ut = uxxx + 3uux can be written as

ut = ∂x(uxx +
3
2u

2) = ∂x
δ

δu
(−1

2u
2
x +

1
2u

3)

ut = (∂3
x + 2u∂x + ux)(u) = (∂3

x + 2u∂x + ux)
δ

δu
(1
2u

2)

Use A = ∂x to define potential variable, u = ūx .
Not just A, but also B = ∂3

x + 2ūx∂x + ūx is symplectic in ū-variables.

We have two Lagrangians:

LA = 1
2 ūx ūt − (−1

2 ū
2
xx +

1
2 ū

3
x )

LB = 1
2

(
ūxxx + ū2

x

)
ūt − (5

8 ū
4
x − 5

2 ūx ū
2
xx +

1
2 ū

2
xxx)

with EL equations

A(−ūt + ūxxx +
3
2 ū

2
x ) = 0

B(−ūt + ūxxx +
3
2 ū

2
x ) = 0.
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Double Lenard scheme
A,B Hamiltonian pair, A constant,
u = Aū,
h−1 a Casimir of A.

δh−1
δu 0

δh0
δu ut0 ūt0 − δh0

δū

δh1
δu ut1 ūt1 − δh1

δū

δh2
δu ut2 ūt2 − δh2

δū

...
...

...
...

A

B

A

B

A A

B

A

B

A A

B

A

B

A A

B

︸ ︷︷ ︸
Hamiltonian Lenard Scheme

︸ ︷︷ ︸
Symplectic Lenard Scheme
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Hamiltonian recursion
δh−1
δu 0

δh0
δu ut0 ūt0 − δh0

δū

δh1
δu ut1 ūt1 − δh1

δū

δh2
δu ut2 ūt2 − δh2

δū

...
...

...
...

A

B

A

B

BA−1B

BA−1BA−1B

A A

B

A

B

A A

B

A

B

A A

B

Hierarchy of Hamiltonian operators obtained by recursion operator BA−1:

. . . , AB−1A,

A, B, BA−1B, BA−1BA−1B, . . .
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Hamiltonian operators on F and F̄
Lemma
If D is a Hamiltonian operator on F (i.e. wrt u),
then A−1DA−1 is a Hamiltonian operator on F̄ (i.e. wrt ū)

Proof. Recall that δF
δū = −A δF

δu so

{F ,G} =

∫
δF

δu
D δG

δu
dmx = −

∫
δF

δū
A−1DA−1 δG

δū
dmx ■

D = A → A−1 Hamiltonian for ū, A symplectic for ū

D = B → A−1BA−1 Hamiltonian for ū, AB−1A symplectic for ū

D = AB−1A → B−1 Hamiltonian for ū, B symplectic for ū

δhi
δu uti ūti − δhi

δū

δhi+1
δu uti+1 ūti+1 − δhi+1

δū

A
B

A A

B

A
AB−1A

A A
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Dual picture
δhi
δu uti ūti − δhi

δū

δhi+1
δu uti+1 ūti+1 − δhi+1

δū

A

B

A A

B

A

AB−1A

A A

▶ A : T F̄ → T ∗F̄ is symplectic on F̄ and dual to A : T ∗F → TF :

uti = Aδhi
δu

and Aūti =
δhi
δū

▶ B : T F̄ → T ∗F̄ is symplectic on F̄ but dual to AB−1A, not to B:

uti = B δhi−1

δu
but Būti =

δhi+1

δū

▶ Could also consider BA−1B, . . . , as symplectic operators for ū.

Each of these leads to different Lagrangians in ū-variables.
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Implications in Lagrangian multiform theory

Lagrangian multiforms for 2d PDEs
Considere functions ū = ū(t0 = x , t1, t2, . . . , tn) of multi-time.

Jet-dependent 2-form L =
∑
i<j

Lij [ū] dt i ∧ dt j .

For every surface Γ ∈ Rn+1, consider the action

SΓ[ū] =

∫
Γ
L[ū]

and require that all these actions are critical with respect to variations of
both Γ and u.

Γ ⊂ Rn+1 Rn+1 ū−−−−→ Ū

Particular case: take Γ to be the (ti , tj)-plane, then SΓ =

∫
Lij [ū] dt i ∧ dt j
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Variational derivatives
Notation:
▶ ∂i =

∂
∂ti

and uti = ∂iu.
▶ ūI mixed partial derivative wrt the t-variables in multi-index I .
▶ ūItαi = ∂α

i uI

Variational derivative with respect to ūI in the direction of ti , tj :

δij
δūI

:=
∑

α,β≥0

(−1)α+β∂α
i ∂

β
j

∂

∂ū
Itαi tβj

Variational derivative with respect to ūI in the direction of ti , tj , tk :

δijk
δūI

:=
∑

α,β,γ≥0

(−1)α+β+γ∂α
i ∂

β
j ∂

γ
k

∂

∂ū
Itαi tβj t

γ
k

.
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Theorem: multiform Euler-Lagrange equations
Let dL[ū] =

∑
i<j<k Pijk [ū] dti ∧ dtj ∧ dtk . The following are equivalent:

1 ū : RN → R satisfies the pluri-Lagrangian principle

2 “δdL = 0” i.e. for all i , j , k , there holds
d
dε

Pijk [ū + εv̄ ]
∣∣
ε=0 = 0

3
∂

∂ūI
Pijk [ū] = 0

4
δijk
δūI

Pijk [ū] = 0

5 ū : RN → R satisfies the system of equations

δijLij
δūI

= 0 ∀I ̸∋ ti , tj (1)

δijLij
δūIti

+
δjkLjk
δūItk

= 0 ∀I ̸∋ tj (2)

δijLij
δūIti tj

+
δjkLjk
δūItj tk

+
δkiLki
δūItk ti

= 0 ∀I (3)
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Double zero property

Theorem
Consider a system of equations E [ū] = 0 with E [ū] = (E1[ū], . . . ,En[ū])

⊤.
If

Pijk [ū] = (Fijk [ū]E [ū]) · (Gijk [ū]E [ū]),

where Fijk [ū] and Gijk [ū] are (m × n)-matrix differential operators for some
m, then the Lagrangian multiform principle is satisfied for all functions ū
that solve the system of equations E [ū] = 0.

Proof. If ū satisfies E [ū] = 0, then it also satisfies

Fijk [ū]E [ū] = 0 and Gijk [ū]E [ū] = 0.

Hence Pijk [ū] = 0 and

d
dε

Pijk [ū + εv̄ ]
∣∣∣
ε=0

=
( d

dε
(Fijk [ū]E [ū])

∣∣∣
ε=0

· (Gijk [ū]E [ū])

+ (Fijk [ū]E [ū]) ·
d
dε

(Gijk [ū]E [ū])
∣∣∣
ε=0

)
= 0 ■
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Constructing a multiform for a given symplectic operator
Suppose we have a symplectic operator A = ℓp − ℓ∗p and a hierarchy of
Hamiltonians h1, h2, . . .. Define

L0j = p[ū]ūtj − hj [ū] where [ū] = (ū, ūx , ūxx , . . .)

Then
δ0jL0j

δū
=

∑
α≥0

(−∂x)
α

(
∂p[ū]

∂ūxα
ūtj

)
− ∂tjp[ū]−

δ0jhj [ū]

δū

= ℓ∗pūtj − ℓpūtj −
δ0jhj
δū

so the EL equations are

Aūtj = −
δ0jhj
δū

Assume they can be written as A(ūtj − Qj) and consider the Poisson
bracket

{hi , hj} =

∫
δhi
δū

A−1 δhj
δū

dx = −
∫

QiAQjdx = 0
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Constructing a multiform for a given symplectic operator
Let ∼ denote equality modulo adding a total x-derivative. L0j = pūtj − hj .
Aiming to have a double-zero expression for dL, we compute:

∂tkL0j − ∂tjL0k

= (ℓpūtk )ūtj − (ℓpūtj )ūtk − (∂tkhj) + (∂tjhk)

∼ 1
2(ℓpūtk )ūtj +

1
2utk (ℓ

∗
pūtj )− 1

2(ℓpūtj )ūtk −
1
2 ūtj (ℓ

∗
pūtk )− ūtk

δhj
δū

+ ūtj
δhk
δū

= 1
2 ūtjAūtk − 1

2 ūtkAūtj + ūtkAQj − ūtjAQk

∼ 1
2 ūtjAūtk − 1

2 ūtkAūtj +
1
2 ūtkAQj − 1

2QjAūtk − 1
2 ūtjAQk +

1
2QkAūtj

= 1
2(ūtj − Qj)A(ūtk − Qk)− 1

2(ūtk − Qk)A(ūtj − Qj)− 1
2QjAQk +

1
2QkAQj

∼ 1
2(ūtj − Qj)A(ūtk − Qk)− 1

2(ūtk − Qk)A(ūtj − Qj) + {hj , hk}

If {hj , hk}, it follows that there exists a function Ljk such that

P0jk = ∂kL0j−∂jL0k+∂0Ljk = 1
2(ūtj−Qj)A(ūtk−Qk)−1

2(ūtk−Qk)A(ūtj−Qj)

This defines the remaining coefficients of L =
∑

i<j Lijdt
i ∧ dt j .
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Multiform EL equations are evolutionary
Theorem
Assume the differential operator A has constant order. Then ū satisfies the
Lagrangian multiform principle for L =

∑
i<j Lijdt

i ∧ dt j if and only if

ūtj = Qj [ū] ∀j

Proof. P0jk = 1
2(ūtj − Qj)A(ūtk − Qk)− 1

2(ūtk − Qk)A(ūtj − Qj) satisfies
the double zero on the system of equations ūtj = Qj [ū].
For the other coefficients of dL, we find

∂xPijk = ∂iP0jk + ∂jP0ki + ∂kP0ij ,

so ∂xPijk and hence Pijk also have the double zero property.
So equations ūtj = Qj [ū] imply that ū satisfies the multiform principle.
Now assume ū satisfies the Lagrangian multiform principle. Let
A = a∂n

x + l .o.t., where a[ū] is non-vanishing. Then

0 =
∂P0jk

∂uxntk
=

1
2
a(ūtj − Qj). ■
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Example: KdV
Consider A = ∂x and B = ∂3

x + 2ūx∂x + ūxx . Let t0 = x

ūt0 = ūx ūxx = − δh0
δū h0 = −1

2 ū
2
x

ūt1 = 3
2 ū

2
x + ūxxx 3ūx ūxx + ūxxxx = − δh1

δū h1 = −1
2 ū

3
x +

1
2 ū

2
xx

ūt2 − δh2
δū h2 = −5

8 ū
4
x +

5
2 ūx ū

2
xx − 1

2 ū
2
xxx

. . . . . .

A

B

A

B

A

B

ūt2 = 5
2 ū

3
x +

5
2 ū

2
xx + 5ūx ūxxx + ūxxxxx ,

ūt3 = 35
8 ū4

x +
35
2 ūx ū

2
xx +

35
2 ū2

x ūxxx +
21
2 ū2

xxx + 14ūxx ūxxxx + 7ūx ū5x + ū7x ,

h3 = −7
8 ū

5
x +

35
4 ū2

x ū
2
xx − 7

2 ūx ū
2
xxx +

1
2 ū

2
xxxx .
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First multiform
L0j =

1
2 ūx ūtj − hj [ū]

L01 = 1
2 ūx ūt1 −

1
2 ū

3
x +

1
2 ū

2
xx

L02 = 1
2 ūx ūt2 −

5
8 ū

4
x +

5
2 ūx ū

2
xx − 1

2 ū
2
xxx

L03 = 1
2 ūx ūt3 −

7
8 ū

5
x +

35
4 ū2

x ū
2
xx − 7

2 ūx ū
2
xxx +

1
2 ū

2
xxxx

By construction, δ0jL0j
δū = −A(ūtj − Qj).

Lij for i , j > 0 are not pretty but easily computed, for example

L12 = 3
8 ū

5
x − 15

8 ū2
x ū

2
xx +

5
2 ū

3
x ūxxx − 5

4 ū
3
x ūt1 +

7
4 ū

2
xx ūxxx +

3
2 ūx ū

2
xxx − 3ūx ūxx ūxxxx

+ 3
4 ū

2
x ūxxxxx + 5ūx ūxx ūxt1 − 5

4 ū
2
xx ūt1 − 5

2 ūx ūxxx ūt1 +
3
4 ū

2
x ūt2 − 1

2 ū
2
xxxx

+ 1
2 ūxxx ūxxxxx − ūxxx ūxxt1 + ūxxxx ūxt1 − ūxx ūxt2 − 1

2 ūxxxxx ūt1 +
1
2 ūxxx ūt2

so
δ01L01

δūx
+
δ12L12

δūt2
= (1

2 ūt1−
3
2 ū

2
x−ūxxx)+(3

4 ū
2
x+

1
2 ūxxx) =

1
2(ūt1−

3
2 ū

2
x−ūxxx)
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And, if you really want to know...

L13 = 35
32 ū

6
x − 35

8 ū3
x ū

2
xx + 175

16 ū4
x ūxxx − 35

16 ū
4
x ūt1 + 35

8 ū4
xx − 35

4 ūx ū
2
xx ūxxx + 147

8 ū2
x ū

2
xxx

− 21
2 ū2

x ūxx ūxxxx + 21
4 ū3

x ūxxxxx + 35
2 ū2

x ūxx ūxt1 − 35
4 ūx ū

2
xx ūt1 − 35

4 ū2
x ūxxx ūt1

+ 19
4 ū3

xxx − 2ūxx ūxxx ūxxxx − 5ūx ū2
xxxx + 3ū2

xx ūxxxxx + 13
2 ūx ūxxx ūxxxxx − 3ūx ūxx ūxxxxxx

+ 3
4 ū

2
x ūxxxxxxx − 7ūx ūxxx ūxxt1 + 7ūxx ūxxx ūxt1 + 7ūx ūxxxx ūxt1 − 21

4 ū2
xxx ūt1 − 7ūxx ūxxxx ūt1

− 7
2 ūx ūxxxxx ūt1 + 3

4 ū
2
x ūt3 + 1

2 ū
2
xxxxx − ūxxxx ūxxxxxx + 1

2 ūxxx ūxxxxxxx + ūxxxx ūxxxt1

− ūxxxxx ūxxt1 + ūxxxxxx ūxt1 − ūxx ūxt3 − 1
2 ūxxxxxxx ūt1 + 1

2 ūxxx ūt3

L23 = 25
32 ū

7
x − 175

32 ū4
x ū

2
xx + 175

16 ū5
x ūxxx + 175

8 ūx ū
4
xx − 175

8 ū2
x ū

2
xx ūxxx + 245

8 ū3
x ū

2
xxx

− 35
2 ū3

x ūxx ūxxxx + 105
16 ū4

x ūxxxxx − 35
16 ū

4
x ūt2 − 305

8 ū2
xx ū

2
xxx + 95

4 ūx ū
3
xxx + 20ū3

xx ūxxxx

− 10ūx ūxx ūxxx ūxxxx − 25
2 ū2

x ū
2
xxxx + 15ūx ū2

xx ūxxxxx + 65
4 ū2

x ūxxx ūxxxxx − 15
2 ū2

x ūxx ūxxxxxx

+ 5
4 ū

3
x ūxxxxxxx + 35

2 ū2
x ūxx ūxt2 − 35

4 ūx ū
2
xx ūt2 − 35

4 ū2
x ūxxx ūt2 + 5

4 ū
3
x ūt3 + 19

4 ū2
xxx ūxxxxx

+ 8ūxx ūxxxx ūxxxxx + 5
2 ūx ū

2
xxxxx − 10ūxx ūxxx ūxxxxxx − 5ūx ūxxxx ūxxxxxx + 5

4 ū
2
xx ūxxxxxxx

+ 5
2 ūx ūxxx ūxxxxxxx − 7ūx ūxxx ūxxt2 + 7ūxx ūxxx ūxt2 + 7ūx ūxxxx ūxt2 − 5ūx ūxx ūxt3 − 21

4 ū2
xxx ūt2

− 7ūxx ūxxxx ūt2 − 7
2 ūx ūxxxxx ūt2 + 5

4 ū
2
xx ūt3 + 5

2 ūx ūxxx ūt3 − 1
2 ū

2
xxxxxx + 1

2 ūxxxxx ūxxxxxxx

+ ūxxxx ūxxxt2 − ūxxxxx ūxxt2 + ūxxx ūxxt3 + ūxxxxxx ūxt2 − ūxxxx ūxt3 − 1
2 ūxxxxxxx ūt2 + 1

2 ūxxxxx ūt3
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Second multiform
L0j =

1
2

(
ū2
x + ūxxx

)
ūtj − hj+1:

L01 = 1
2

(
ū2
x + ūxxx

)
ūt1 − 5

8 ū
4
x +

5
2 ūx ū

2
xx − 1

2 ū
2
xxx

L02 = 1
2

(
ū2
x + ūxxx

)
ūt2 − 7

8 ū
5
x +

35
4 ū2

x ū
2
xx − 7

2 ūx ū
2
xxx +

1
2 ū

2
xxxx

By construction, δ0jL0j
δū = −B(ūtj − Qj).

Lij for i , j > 0 are horrendous but easily computed, for example

L12 = 5
8 ū

6
x + 5

4 ū
3
x ū

2
xx + 55

8 ū4
x ūxxx − 15

8 ū4
x ūt1 + 5

8 ū
4
xx − 25

4 ūx ū
2
xx ūxxx + 45

4 ū2
x ū

2
xxx

+ 4ū3
x ūxxxxx + 5

4 ū
3
x ūxxt1 + 55

4 ū2
x ūxx ūxt1 − 15

2 ūx ū
2
xx ūt1 − 35

4 ū2
x ūxxx ūt1 + ū3

x ūt2

+ 5ū3
xxx + 5

2 ūxx ūxxx ūxxxx − 5
2 ūx ū

2
xxxx + 1

4 ū
2
xx ūxxxxx + 5

2 ūx ūxxx ūxxxxx − 3
2 ūx ūxx ūxxxxxx

+ 3
4 ū

2
x ūxxxxxxx + 5

4 ū
2
xx ūxxt1 − 9

2 ūx ūxxx ūxxt1 − 3
4 ū

2
x ūxxt2 + 2ūxx ūxxx ūxt1 + 9

2 ūx ūxxxx ūxt1

− 7
2 ūx ūxx ūxt2 − 11

2 ū2
xxx ūt1 − 13

2 ūxx ūxxxx ūt1 − 7
2 ūx ūxxxxx ūt1 + ū2

xx ūt2 + 5
2 ūx ūxxx ūt2

− 1
2 ūxxxx ūxxxxxx + 1

2 ūxxx ūxxxxxxx + ūxxxx ūxxxt1 − 1
2 ūxxxxx ūxxt1

+ 1
2 ūxxx ūxxt2 + 1

2 ūxxxxxx ūxt1 − 1
2 ūxxxx ūxt2 − 1

2 ūxxxxxxx ūt1 + 1
2 ūxxxxx ūt2

so
δ01L01

δūxxx
+

δ12L12

δūxxt2
= (1

2 ūt1 − ūxxx) + (−3
4 ū

2
x +

1
2 ūxxx) =

1
2(ūt1 −

3
2 ū

2
x − ūxxx)
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Other examples
Nutku & Pavlov. Multi-Lagrangians for integrable systems. 2002.
Present bi-Lagrangians for
▶ KdV
▶ polytropic gas dynamics
▶ Kaup-Boussinesq
▶ NLS
▶ . . .

These are the same Lagrangians as we find, but their presentation suggest
some educated guesswork was involved.

We seem to have a general method.

Multi-Lagrangian ̸= Lagrangian multiform
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Can we forget about the Hamiltonian side?
How to express the compatiblity of two Lagrangians / two multiforms /
two symplectic operators?
Invertible symplectic operators I and J are compatible
▶ if I−1 and J −1 are compatible Hamiltonian operators
▶ if I−1 + λJ −1 is Hamiltonian
▶ if

(I−1 + λJ −1)−1 = I + λIJ −1I + λ2IJ −1IJ −1I + . . .

is symplectic
▶ if I, IJ −1I, IJ −1IJ −1I, . . . are symplectic
▶ if IJ −1 is a Nijenhuis operator
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Conclusions
▶ A “potential” variable should be defined by a Hamiltonian operator.

It is in a space dual to the original variable.
▶ This allows us to transform Hamiltonian operators into symplectic

operators and find Lagrangians
▶ In the traditional calculus of variations, the “higher Lagrangians” give

increasingly weak differential consequences.
In Lagrangian multiform theory, all give evolutionary equations.

References
▶ Dorfman. Dirac structures of integrable evolution equations. 1987.
▶ Mokhov. Symplectic and Poisson structures on loop spaces of smooth

manifolds, and integrable systems. 1998.
▶ Nutku & Pavlov. Multi-Lagrangians for integrable systems. 2002.
▶ Suris & V. On the Lagrangian structure of integrable hierarchies. 2016
▶ Vergallo & V. In preparation.

Thank you for your attention!
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