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Motivation

Lagrangian multiform theory [F Nijhoff & ..., 2009-.

(aka pluri-Lagrangian systems)

Variational principle for hierarchies of PDEs.

First step to construct: find a Lagrangian for one member of the hierarchy.

]

Example: KdV equation u; = U + 3uuy

» Traditional EL equations do not produce scalar evolutionary equations.
» Could try differentiating:
Uxt = Uxxx + 3UUXX + 3u)2(
Still not an EL equation
» Need to pass to potential variable &, defined by u = iy:
Uyt = Uxxexx + 3’-7>< (T

EL equation of £ = %Utﬂx — %EXUXXX — .
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Motivation

Why is & the right variable?
Is there a general way to turn a Hamiltonian PDE into an EL equation? J

[Dorfman, 1987]

Dirac structures generalise both Hamiltonian and symplectic operators, which are
key ingredients in the Hamiltonian resp. Lagrangian formulation.

[Mokhov, 1998]

Studies relations between invertible symplectic operators and Hamiltonian
operators, considers classification problems, gives examples of bi-Lagrangian
structures.

[Nutku & Pavlov, 2002]

Many examples of integrable PDEs with several non-equivalent Lagrangians, but
the strategy to obtain them is not clearly explained.

[Bustamante & Hojman, 2003] [Pavlov & Vitolo, 2017]
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Hamiltonian systems

In mechanics: ixw = dH

Symplectic form w defines an operator Q: TQ — T*Q

QX =dH (symplectic)
w nondegenerate, so § is invertible, A=Q71: T*Q — TQ
X = AdH (Poisson)
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Hamiltonian systems

In mechanics: ixw = dH

Symplectic form w defines an operator Q: TQ — T*Q

QX =dH (symplectic)
w nondegenerate, so § is invertible, A=Q71: T*Q — TQ
X — AdH (Poisson)

In classical field theory: (Poisson) generalises to
dH
up=A—
! ou
A may not be invertible, so cannot write analogue of (symplectic).
Example: KdV can be written with A = 9, and H = —3u2 + Ju*:

uy = Ox(Uxx + %uz)

Observation: Potential variable i defined through A: v = i, = Au
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Lagrangian mechanics in phase space

Lagrangian for (symplectic)
Lagrangian:
L= %ZTta — H(z)
Euler-Lagrange equation:
Qz, = VH(z)

In Darboux coordinates,

CZZqui—

(z:R— T*Q)

Does this generalise to Hamiltonian PDEs u;

Mats Vermeeren

Lagrangian for (Poisson)

Introduce new variables z by z = Az
Lagrangian:

L=1z

> Azt+H( )

Euler-Lagrange equation:
Az, = —V;(H(AZ))
JAcnst, V= ATV,
z.=—-A"V,H(z)
| A skew-symmetric
z; = AV,H(z)

oH
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Potential variable as dual space variable

» Space of independent space-variables R.
Dependent variables take values in vector space U.

>

» Dual space U, bilinear pairing (-,-) : U x U — R.

» Phase space F = {R — U | smooth, rapidly decreasing},
and smooth dual F = {R — U | smooth, rapidly decreasing}.
Pairing extends to (-,-) = [(-,)dx : F x F — R.

v
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Potential variable as dual space variable

» Space of independent space-variables R.
» Dependent variables take values in vector space U.
» Dual space U, bilinear pairing (-,-) : U x U — R.
» Phase space F = {R — U | smooth, rapidly decreasing},
and smooth dual F = {R — U | smooth, rapidly decreasing}.
> Pairing extends to (-,-) = [(-,-)dx : F x F = R.
Trivialised (co-)tangent bundles: TF=FxF TF=FxF

T*"F=FxF TF=FxF

Hamiltonian operator: A : T(T*F) — [(TF), fibre-preserving, certain properties.

Constant Hamiltonian operator: given in every fibre by A: F — F.

Potential Hamiltonian variable &, defined by v = Ad
The phase space is now F. U becomes the primary space and U the dual. J
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Variational derivative as exterior derivative

Variational derivative ‘;—5 € I[(T*F) of a functional F : F — R defined by

<(;F, X> = XF for all vector fields X € I'(TF)
u

If F has a density F = [ fdx, this agrees with
oF of
or _ _1)kak

ou Z( )"0 Ouk

k>0
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Variational derivative as exterior derivative

Variational derivative ‘;—5 € I[(T*F) of a functional F : F — R defined by

<(;F, X> = XF for all vector fields X € I'(TF)
u

If F has a density F = [ fdx, this agrees with

OF _5~(ayepr 2

du = Oux
Dual
Variational derivative ‘;—g € I(T*F) of a functional F : F — R defined by
§F o = — .
F,X =X for all vector fields X € I'(TF)
i

If F has a density F = J fdx, this agrees with

Y of
or _ _1)kok
] kz>0( )"0 Ol
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Hamiltonian and symplectic operators

A: T*F — TF is a Hamiltonian operator on F if
> A is skew-adjoint: (f, Ag) = —(Af,g),
> {F,G}a:= <‘;—5,A%> satisfies the Jacobi identity,

J : TF — T*F is a symplectic operator on F if
> 7 is skew-adjoint: (X, TY)=—(TIX,Y),
> w(X,Y):=(X,JY) defines a closed 2-form,

The following are equivalent:

» 7 is symplectic
> there exists a p[u] = p(u, Uy, Ux, - - -) such that 7 = 05 — (,
» Ju; is the Euler-Lagrange expression of £ = p[u]u;

oH
In particular, Jus = 5 is an Euler-Lagrange equation if 7 is symplectic.
u

» A is a Hamiltonian operator if and only if A~ is a symplectic operator
» Every constant skew-symmetric operator is Hamiltonian/symplectic
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Express (Poisson) wrt potential Hamiltonian variable
Lemma

If A: T*F — TF given fibre-wise by A : F — F is a constant Hamiltonian
operator and H : F — R, then

SHoA  6H
A

Mats Vermeeren
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Express (Poisson) wrt potential Hamiltonian variable
Lemma

If A: T*F — TF given fibre-wise by A : F — F is a constant Hamiltonian
operator and H : F — R, then

SHoA  _6H §H
A ey o

Mats Vermeeren
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Express (Poisson) wrt potential Hamiltonian variable

Lemma

If A: T*F — TF given fibre-wise by A : F — F is a constant Hamiltonian
operator and H : F — R, then
dHo A LOH oH
TR e

Set u = A and use the Lemma:

H _
OH|u] — AG— _5H[/_4u]
ou o]

Ut:A

Since A is a symplectic operator on F, this is the EL equation of

L = pla)d; — H[AG]

Switching to the potential Hamiltonian variable

> switches the roles of F and F,
» turns the Hamiltonian operator A into a symplectic operator,
» turns a Hamiltonian PDE into an EL equation.
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Example: KdV

U; = Uxe + 3uu, can be written as
ur = Ox—(—
= (6§+2U6X+UX)E(%U2)

Use A = O, to define potential variable, u = .

Not just A, but also B = 93 + 2i1,0, + i, is symplectic in @-variables.

A ={, — (, with p = 3y
B = {4 —{; with q—%(ﬁxxx—i—u)
so we have two Lagrangians:
La= 300 — (—30% + 30
L= 5 (luoo + ) b — (305 — 30l + 305s)

with EL equations
A(— i + by + 333) =0
B(—it + lxex + 302) =0
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Double Lenard scheme

Sh_q
LI
. \ M ) he
Su to oi
\ B
Shy A i A _dh
ou t1 o
\ X‘
5’72 A 7 A _Shy
Ut 5
\ B
Hamiltonian Lenard Scheme Symplectic Lenard Scheme
A, B Hamiltonian pair, A constant, u = Aug, h_1 a Casimir of A.

10/25
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Hamiltonian recursion

dh_y A 0

du
X
Sh A7 A - A Sh
ﬁ:q 7 Ut Uy _ﬁ
\X K
Sh : A _ A Sh
5_u1 Uty Ut _5_171
ABATB B
BAT'BATB
Sha A = A dha

Su r U, Uz, T
B \

Hierarchy of Hamiltonian operators obtained by recursion operator B.A™!:
A, B, BAT'B, BAT'1BAT'B, ...

Lagrangian multiforms for bi-Hamiltonian sys.

Mats Vermeeren



Hamiltonian recursion

Sh_

5u1 A 0

AB7*A

Sh A A A Sh
ﬁ:q 7 Ut Uy _ﬁ

5 K
Shy S A i A _ohy
ou t on
B
BA 'BAT'B

Shy A i A _Shy
Su t2 ol

Hierarchy of Hamiltonian operators obtained by recursion operator B.A™!:

..., AB7tA, A, B, BATB, BA'BA71B, ...
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Hierarchy of symplectic operators on F

Theorem

A: T*F — TF an invertible constant Hamiltonian operator, A : F — F
B: T*F — TF be a Hamiltonian operator compatible with A

A: TF — T*F constant symplectic operator defined by A: F — F
B: TF — T*F defined fibre-wise by B[a] : F — F as B[] := B[Ad]

Then A, B (and A(A=1B)" for n > 0) are symplectic operators on F.
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Hierarchy of symplectic operators on F

Theorem

A: T*F — TF an invertible constant Hamiltonian operator, A : F — F
B: T*F — TF be a Hamiltonian operator compatible with A

A: T]_j' — T*]_:" constant symplectic operator defined by A : F—F
B : TF — T*F defined fibre-wise by B[u] : F — F as B[u] := B[Ad]

Then A, B (and A(A=1B)" for n > 0) are symplectic operators on F.

Proof. (A+ AB): T*F — TF is Hamiltonian for all A, so
(A+AB) P =A1 - AA 1 BA T+ N2AIBAIBA™ — .
is symplectic on F forall A = (A7!B)"A~! is symplectic on F.

The 2-forms 1 L
wnlu(X,Y) = <X, (A= B[u])"A™ Y>
Jz,,\,;()_(, \7) = <)?,A(A*15[ﬂ])"y>
are related by pullback, A*w, = —@,. Hence dw, = 0 implies di,, = 0.
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Dual picture

Hamiltonian Symplectic
Oh; > dhiy1
us.., = Blu Bla) ;. =
tiy1 [ ] Su [ ] ti 5
5h,‘ A A - A 5h,‘
Su Uy, Uy, ~on
5 B
AB™*A
5’1,’ A - A 6/7,'
Wﬂ Utiiq Utiiq _T:rl
Recursion operator Bo A1 Recursion operator A~ o B
Corollary
The operators A and B are compatible symplectic operators.

Proof. The 2-forms from the previous proof are wo(X, Y) = (X, AY) and
wi(X, Y) = wo(X, R¥Y),

where R = A71B. It is a standard result [Dorfman, 1993] that R must be a

Nijenhuis operator if all wy are symplectic. |
13 /25
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Variational principle for commuting flows
Suppose we have N commuting ODE flows with Lagrangians L;. Consider

g:RY - @ (multi-time to configuration space)
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Variational principle for commuting flows
Suppose we have N commuting ODE flows with Lagrangians L;. Consider

g:RY - @ (multi-time to configuration space)

Pluri-Lagrangian principle [Yu Suris & ..., 2010-...]
Combine the L; into a 1-form ta,
N .
L[q] = Z L,[q] dt,'. //,
i=1 ’
Look for g(ty, ..., ty) such that the action e

Sr:/ﬂ[q] l/’
r

is critical w.r.t. variations of g, simultaneously over ~
every curve [ in multi-time RV f

Lagrangian multiform principle [F Nijhoff & ..., 2009-.. ]

Considers variations of the curve too: d£ = 0 on solutions.
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Variational principle for commuting flows
Suppose we have N commuting ODE flows with Lagrangians L;. Consider

g:RY - @ (multi-time to configuration space)

Pluri-Lagrangian principle [Yu Suris & ..., 2010-...]
Combine the L; into a 1-form ta,

N .

L[q] = Z L,[q] dt,'. //,

i=1 ’

Look for g(ty, ..., ty) such that the action /”
Sr = /rﬁ[q] ,', Sr = fL1 dt;

is critical w.r.t. variations of g, simultaneously over : >
every curve [ in multi-time RV f
Lagrangian multiform principle [F Nijhoff & ..., 2009-.. ]

Considers variations of the curve too: d£ = 0 on solutions.
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Multiform Euler-Lagrange equations

Pluri-Lagrangian principle is satisfied iff

5,’L,‘

— =0 VI #t;
oq ?
(5,‘L,’ (5ij

2 = A vl
6qlt,‘ 5qltj

where

» | denotes a multi-index (a combination of derivatives)

> 5’ denotes the variational derivative in the direction t;:

5; Ldv 9 o d 9
> (-1

anlti“ B 0q;  dt; Oqy, T

oq >0
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Variational principle for PDEs: 2-forms (or higher forms)

Pluri-Lagrangian principle
Given a 2-form

Llu] =32, ; Li[u]dt; Adt;,
find a field u(ty,...tn), such that

[ <t

is critical on all smooth surfaces I' in multi-time
RN, w.r.t. variations of u.

Lagrangian multiform principle

Additionally require that d£[u] = 0 on solutions:
action is critical w.r.t. deformations of the
surface.
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Multiform EL equations for a 2-form
Let E[U] = Zi,j LU[U] dt; A dtj.

Solutions to the pluri-Lagrangian principle are characterised by

5iLy
— =0 vl %t t,
5U/ ? J
6']'[-"./' Oik Lik
= VI % t;,

5U/tj 5U[tk ?
oiiLj OikL; OkiLki

Iy ROk R g v,

Oume;,  Ouiy,  Oup,y,
where | denotes a multi-index (a combination of derivatives) and

Sili = [yats d* d? oLy
(SU/ ZZ dta t'@ 8u,tat;a

a=03=0

Mats Vermeeren Lagrangian multiforms for bi-Hamiltonian sys.
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Exterior derivative

If the surface of integration is the
boundary of a volume, ' = 9B, then

/ﬁ:/d/:. r=08
r B

So a necessary (and in fact sufficient)
condition for criticality is that infinitesi-
mal variations of d£ vanish:

odL = 0.

In other words:
8P,-jk .
au, o

where dL ="

vi, (*)

P dt’ Adt’ A dtk.

ijsk
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Exterior derivative

If the surface of integration is the
boundary of a volume, ' = 9B, then

Je= [ ae

So a necessary (and in fact sufficient)
condition for criticality is that infinitesi-
mal variations of d£ vanish:

odL = 0.

In other words:
8P,-jk .
au, o

where dL ="

vi, (*)

ik Pk dt’ Ade’ Adtk

Double-zero property
If the coefficients of d£ factorise,
df = )" ApBjcdt’ Adt AdtF,
i<j<k
then on solutions of the system
Aijk =0, Bijjx =0,
condition () is satisfied:
P 0Ayk

8u, 8u,

B.
Aﬁku

=0
Bu,

Bijk +

Hence the system Ajx =0, Bjx =0
implies the multiform Euler-Lagrange
equations

Mats Vermeeren
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Constructing a multiform for a given symplectic operator
Given a symplectic operator A = £, — {7 and commuting Hamiltonians hy, ho,
Define

Loj = pla]ay, — h;[d] where [0] = (T, Oy, U, - - -)

dojLoj
Traditional EL equations: %

— 4 AL_It = —M
o I

oa

Mats Vermeeren
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Constructing a multiform for a given symplectic operator

Given a symplectic operator A = £, — £; and commuting Hamiltonians hq, ho, ...

Define
Loj = pla]ay, — h;[d] where [0] = (T, Oy, Uxx, - -
. : dojLoj _ dojh;
Traditional EL equations: 00 _ & Aiy, = — Y
ol I ]
Assume % = —AQj, so these are consequences of evolutionary equations:
iy = Qy[a],

Then
. _ [ g-1%hi Oh Shj  Shi _
(QJ,AQk>—<A M,5U> <5UA > (b B} =0
so QAR = i()

Aiming to have a double-zero expression for dZ, we compute
d

O Loj — Oy Lok = 3(85 — Q) ATy, — Qk) — 5(Gs, — Qu)A(Ty — Q) + M
o

)

)
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Multiform EL equations are evolutionary

Theorem
Assume the differential operator A has constant order. Then i satisfies the
Lagrangian multiform principle for £ = Zi<j Lidt" Adt if and only if

iy, = Qj[a] vj

Proof. The coefficients
Pojx = OkLoj — jLok + BoLjx = 5(Ty; — Q) A(fy, — Qk) — 3(8 — Qu) A8 — Q)
of d£ have a double zero on 7, = Q;[a].
For the other coefficients of d£, we find
OxPijx = 0;Pojk + 0;Poki + Ok Poyj,
so OxPjjx and hence Pjj also have the double zero property.
So equations I, = Q;[@] imply that 7 satisfies the multiform principle.

Other implication: depending on the differential order of A, we can find an
equation in the system of multiform EL equations that is equivalent to &, = Q;. W
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KdV: first multiform

Loj = %y, — hj[a]

l1- = 1-3 1-2
Loi = 3Uxly, — 53U + 505
_ 1= = 5-4 | 5= -2 1-2
L02_§ Xut2_§ x+§ xUxx T 2 Yxxx
By construction,
do;Lo;
jE0j = .
5E = _8X(utj — QJ)

Ljj for i, j > 0 are not pretty but easily computed, for example

3-5 15 =2 -2 5-3- 5 =3~ 752 = 3~ =2 == =
L12 = 8lix — ?UXUXX + EUXUXXX - ZUX Ut1 + Zuxxuxxx + EUXUX)()( - 3Uxuxxuxxxx
3-2- T 5-2 — 5~ = = 3-2- 1~
+ 2 Ux Uxooox + 5Uxuxxuxt1 — g U Uty — 5 UxUxxx Uty + 72 Ux Uty — 5 Uxpox

1- = = = = = = = 1= = 1~ =
+ Euxxx Uxxxxx — Uxxx uxxt1 + Uxxxx uxt1 — Uxx quz - Euxxxxx ut1 + Euxxx Utz
SO

%Utl - % x — UXXX) + (%_3 + %UXXX) = %(ﬁtl - %‘75 - HXXX)

do1lL 012l
oifo1 | 012 12:(

6UX 6[71—2
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KdV: second multiform

_1(72 I 7 .
Loj = 3 (85 + Booc) By — hja:

Low = 3 (82 + Oue) O, — g + 3 0xle — 50
L02 = %(U)2<+HXXX)U1”2 %_E—"_%Ts_)%_)%x_ %Uxﬁ)%xx+%_5xxx
By construction,
20 5@, - Q)
L for i,j > 0 are enormous but easily computed, for example
Lo = 5004 50202, + 00— B0, + 08— 00+ L,

=3 = 5-3- 55 -2 - 15 - =2 = 35 -2 - =3 =
+ AU Oooox + Z Uy Uxxty + 5 Uy Uxx lxty — > Ux Uiy Oty — 2P U5 Uxx Uty + U Oty

=3 B- = = 5~ 1-2 = B~ = = 3- - =
+ 50 + 3 Do Uxooe — 3 Ox Ui + 7 T Dooox + 3 Ox oo Uxooo — 5 D Uxx Drocooo

+ 22 yooooe + 5 o Bty — 2 lx Brooe Doty — 2 02 Dty + 20 roox Bty + 2 Tx Broooe Tty
- % _XUXX Extz - % Exxx Eti - % _xxaxxxx Et1 - %Ex Exxxxxatl + Efx Ijtz + gﬁx Exxxatz
— 2 Baovoe Dioocooe T 5 oo Brooovooe + Bhovo Doty — = Drooooc hocty

+ Loty + 3 Boooooc ity — 3 oo xta — = Doooococlity, + 5 Tovooc ity

SO

Ug, — Uxxx) + (_%112( + %Uxxx) - %(Etl - %E)% - ljxxx)

do1L 012L
0101+1212:(

0 yxx 0 Exxtz

1
2
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Other examples

[Nutku & Pavlov. Multi-Lagrangians for integrable systems. 2002.]
Present bi-Lagrangians for

> KdV

» polytropic gas dynamics

» Kaup-Boussinesq

> NLS

> ..

These are the same Lagrangians as we find, but their presentation suggest some
educated guesswork was involved.

We seem to have a general method.

Multi-Lagrangian # Lagrangian multiform
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Can we forget about the Hamiltonian side?
How to express the compatiblity of two Lagrangians / two multiforms / two
symplectic operators?
Invertible symplectic operators Z and J are compatible

» if Z7! and J ! are compatible Hamiltonian operators

> if 771+ A7 is Hamiltonian

> if

TP+ NT Y =T+ NI T+ N2 2T+
is symplectic
> ifZ, ZJ I, ITJ 'IJ'Z, ...are symplectic
» if Z7 1 is a Nijenhuis operator

Mats Vermeeren Lagrangian multiforms for bi-Hamiltonian sys
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Conclusions

> A “potential” variable should be defined by a Hamiltonian operator.
It is in a space dual to the original variable.

» This allows us to transform Hamiltonian operators into symplectic operators
and find Lagrangians

» In the traditional calculus of variations, the “higher Lagrangians’ give
increasingly weak differential consequences.
In Lagrangian multiform theory, all give evolutionary equations.
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Thank you for your attention!
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