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Motivation

Lagrangian multiform theory [F Nijhoff & ..., 2009-...]
(aka pluri-Lagrangian systems)

Variational principle for hierarchies of PDEs.

First step to construct: find a Lagrangian for one member of the hierarchy.

Example: KdV equation u; = uy + 3uuy

» Traditional EL equations do not produce scalar evolutionary equations.
» Could try differentiating:
Uyt = Uox + SUly + 3u>2<
Still not an EL equation
» Need to pass to potential variable u, defined by u = @,:
Uyt = Usxox + 3y Uy

EL equation of £ = 10Ty — 3Tyl — Us.
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Motivation

Why is u the right variable?
Is there a general way to turn a Hamiltonian PDE into an EL equation? J

[Dorfman, 1987]

Dirac structures generalise both Hamiltonian and symplectic operators, which are
key ingredients in the Hamiltonian resp. Lagrangian formulation.

[Mokhov, 1998]

Studies relations between invertible symplectic operators and Hamiltonian
operators, considers classification problems, gives examples of bi-Lagrangian
structures.

[Nutku & Pavlov, 2002]

Many examples of integrable PDEs with several non-equivalent Lagrangians, but
the strategy to obtain them is not clearly explained.

[Bustamante & Hojman, 2003] [Pavlov & Vitolo, 2017]
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Hamiltonian systems

In mechanics: ixw =dH
Symplectic form w defines an operator Q: TQ — T*Q

QX =dH (symplectic)
w nondegenerate, so § is invertible, A=Q7!: T*Q — TQ
X = AdH (Poisson)

In classical field theory: (Poisson) generalises to
oH
up = A—
‘ ou
A may not be invertible, so cannot write analogue of (symplectic).
Example: KdV can be written with A = 9, and H = —3u2 + Ju*:
Uy = Oy (U + %uz)

Observation: Potential variable u defined through A: v = b, = Au
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Lagrangian mechanics in phase space

Lagrangian for (symplectic)
Lagrangian:
L= %ZTta — H(z)
Euler-Lagrange equation:
Qz, = VH(z)

In Darboux coordinates,

E=Zqui—H

Lagrangian for (Poisson)

Introduce new variables Z by z = Az
Lagrangian:

L£=132"Az + H(Z)
Euler-Lagrange equation:
Az, = —V3(H(Az))
JAcnst, V; =ATV,
z.=—-A"V,H(z)

| A skew-symmetric

z; = AV, H(z
(z:R— T*Q) ‘ =H(2)
. : e J
Does this generalise to Hamiltonian PDEs u; = A(s—?
u
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Potential variable as dual space variable

» Space of independent space-variables R.

» Dependent variables take values in vector space U.

» Dual space U, bilinear pairing (-,-) : U x U — R.

» Phase space F = {R — U | smooth, rapidly decreasing},
and smooth dual F = {R — U | smooth, bounded}.

> Pairing extends to (-,) = [(-,-)dx : F x F = R.

Trivialised (co-)tangent bundles: TF~FXF TF~FxF

T*F~FxF TF~FxF

Hamiltonian operator: A : ['(T*F) — [(TF), fibre-preserving, certain properties.

Constant Hamiltonian operator: given in every fibre by A : F — F.

Potential Hamiltonian variable u, defined by u = Au
The phase space is now F. U becomes the primary space and U the dual. J
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Variational derivative as exterior derivative

Variational derivative % € I'(T*F) of a functional F : F — R defined by

<§F,X> = XF for all vector fields X € I'(TF)
u

If F has a density F = [ fdx, this agrees with

oF of
or _ _1)kok d
ou ;( )"0 Oux “

Dual

Variational derivative % € I(T*F) of a functional F : F — R defined by
6F - - - _
6—_,X = XF for all vector fields X € ['(TF)
u
If F has a density F = [ fdx, this agrees with
§F of
— = —1)kok — di
50 > (V' Dle
k>0
e



Hamiltonian and symplectic operators  see e.g. [Mokhov, 1998]

A: T*F — TF is a Hamiltonian operator on F if
> A is skew-adjoint: (f, Ag) = —(Af,g),
> {F,G}4:= (‘;—E,A%) satisfies the Jacobi identity,

J : TF — T*F is a symplectic operator on F if
» 7 is skew-adjoint: (X, TY) = —(TIX,Y),
> w(X,Y):=(X,TJY) defines a closed 2-form,

The following are equivalent:

» 7 is symplectic
> there exists a p[u] = p(u, Uy, Ux, - - .) such that T = 05 — £,
» Ju; is the Euler-Lagrange expression of £ = p[u]u;

oH
In particular, Ju; = o is an Euler-Lagrange equation if J is symplectic.
u

» A is a Hamiltonian operator if and only if A~ is a symplectic operator
» Every constant skew-symmetric operator is Hamiltonian/symplectic
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Express (Poisson) wrt potential Hamiltonian variable

Lemma (co-dim analog of Vz; = ATV,)
If A: T*F — TF given fibre-wise by A : F — F is a constant Hamiltonian
operator and H : F — R, then

SHoA  0H 5H
A TR T

Set u = Al and use the Lemma:
OH[u] _ OH[ATU]
Al = ————=
Su e 50

Ut:A

Since A is a symplectic operator on F, this is the EL equation of

L = plu]u, — H[AL]

Switching to the potential Hamiltonian variable o

» switches the roles of F and F,
» turns the Hamiltonian operator A into a symplectic operator,
» turns a Hamiltonian PDE into an EL equation.
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Example: KdV
U = Uy + 3uu, can be written as
1)
up = Ox —u(—%u§+%u3)
_ 3 1,2
= (6X+2U8X+UX) E(EU )
Use A = O, to define potential variable, u = i,.
Not just A, but also B = 93 + 20,0, + Ty is symplectic in G-variables.
A=t -1, withp:%ﬂx
B=1lq—; with g =3 (i + T3)

so we have two Lagrangians:

1- - 1-2 1-3

E-A UxUt _(_§ Xx+§ X)
r 1 (- -2\ - 5-4 5- -2 | 1-2
B 2 X><X+ux) ut—(§ux_§u>< xx+2uxxx

with EL equations
-A( U + Uypx + 5 U) 0
B(—U + leex + 302) =0
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Double Lenard scheme

dhi—1 A A - A dhi—1
5u Uy, Uty T Ton
X X
dh; A A - A dh;
Su U U ~ s
K X
Shist A A - A Shist
Su Uty Uty T du
K X
5h;+2 A A - A 5h;+2
Su Ut o Ut , Y
\ \
Hamiltonian Lenard Scheme Symplectic Lenard Scheme
A, B Hamiltonian pair, A constant, u = Au,
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Hamiltonian recursion

5h, 1 A - A _Shia
ug_, Uy ou
B
ABTTA
A A — A Sh;
Uy, ~su
\\4 K
5h,+1 A - A _dhig
Uty Uty “ou
1
B BA™'B B
BAT'BAT'B
Shito A - A _dhip
du Ut , Utin ou
B \\\\\\\\\fi\\\\j

Compatibility ensures that A~ 15’5"' € Im , SO we can equate it to

Hierarchy of Hamiltonian operators obtained by recursion operator B.A1L:

, AB71A, A, B, BA™'B, BAT1BA™'B,
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Hierarchy of symplectic operators on F

Theorem

A: T*F — TF an invertible constant Hamiltonian operator, A : F — F
B: T*F — TF be a Hamiltonian operator compatible with A

{I : T./_{" — T*]_j" constant symplectic operator defined by A : F—F
B: TF — T*F defined fibre-wise by B[u] : F — F as Blu] := B[Au]

Then A and B (and A(A~1B)" for n > 0) are symplectic operators on F.

Proof. (A+ AB): T*F — TF is Hamiltonian for all A, so
(A+AB) T =A"1 - 2ABAT + NATIBATIBAT — .
is symplectic on F for all A = (A"1B)"A~1 is symplectic on F.

The 2-forms 1 1
wplu(X,Y) = <X7 (A7 B[u])"A™ Y>
@nla(X, Y) = (X, A(A*B[a])"Y)
are related by pullback, A*w, = —&,. Hence dw, = 0 implies di, = 0. |
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Dual picture

Hamiltonian Symplectic
oh; = Ohiiq
U, = Blu] — Blu] g, = —
tiy1 [ ] Su [ ] tj ST
Sh; A A - A Sh;
Su g Uy U, 5o
B
ABTIA
Shy A - A Shy
531 Uty Uty - 651
Recursion operator Bo 471 Recursion operator A~ o B

Corollary

The operators A and B are compatible symplectic operators.

Proof. The 2-forms from the previous proof are wo(X, Y) = (X, AY) and

wi(X, Y) = wo(X, RFY),

where R = A~'B. It is a standard result [Dorfman, 1993] that R must be a

Nijenhuis operator if all wy are symplectic.
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Recap

» If A is a constant Hamiltonian operator for u, define u by u = u, then A is a
symplectic operator for u:

oH _ oH
ug = .AE AUt = E
» If B is compatible with A, then B is symplectic in the same z-variable::
L O0Hi 1 __ OHi
Uy, = B ou But,. == 5T

» Compatibility of Hamiltonian/symplectic operators is a necessary (and almost
sufficient) condition for the Lenard iteration to work.

» A symplectic equation Ab; = %I is an Euler-Lagrange equation.

Mats Vermeeren Lagrangian multiforms for bi-Hamiltonian sys. 14 /27



Contents

@ Lagrangian multiform theory



Variational principle for commuting flows

Suppose we have N commuting ODE flows with Lagrangians L;. Consider

g: RV = Q (multi-time to configuration space)

Pluri-Lagrangian principle [Yu Suris & ..., 2010-...]

Combine the L; into a 1-form t

) ‘
Lq] = Z Li[q] dt;.

Look for g(ty, ..., ty) such that the action

SF:\/F‘C[q] /,, Sr:ledh

g oo

1

is critical w.r.t. variations of g, simultaneously over

every curve [ in multi-time RV

t1

Lagrangian multiform principle [F Nijhoff & ..., 2009-...]

Considers variations of the curve too: d£ = 0 on solutions.
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Multiform Euler-Lagrange equations

Pluri-Lagrangian principle is satisfied iff

o;L;

— =0 VI Zt
aqi ?
(5,’L,’ (Sij

= Vi
5qlt,- 6qltj

where

» [ denotes a multi-index (a combination of derivatives)

> g' denotes the variational derivative in the direction t;:

(gt 0 9 d 9

oqr dtf dqne ~ da; dt; Oqu,

a>0
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Example: central force problem

Take 1
L= §|qt1|2 — U(|ql)

Lo=gqy  q,, +(gy xq) -V (¥ fixed unit vector)
In general, for systems of Newtonian type,

Li =49t — Hi(q7 qtl)

Multiform Euler-Lagrange equations of £ = L; dt; + Ly, dt,

%—qu — dihgTLtll =0 = Quy= U'(|q|)% (central force)
%_iabz = Qun, =V X q;
9q  dt, Oqy, e '
qui =0 = g,=Vxgq (rotation)
e = e = 4y = g4
9qy,  0Oqy P
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Variational principle for PDEs: 2-forms (or higher forms)

Pluri-Lagrangian principle
Given a 2-form

Llu] =32, ; Lilul dt; A dt;,
find a field u(ty, ... ty), such that

JR:0

is critical on all smooth surfaces I in multi-time
RN, w.r.t. variations of u.

Lagrangian multiform principle

Additionally require that d£[u] = 0 on solutions:
action is critical w.r.t. deformations of the
surface.
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Multiform EL equations for a 2-form
Let Llu] =, Ly[u]dt; A dt;.

Solutions to the pluri-Lagrangian principle are characterised by

=0 V%t ¢,
(5U/ ? J
JULU 6ikLik
= VI % t,
6ultj 6U[tk ﬁ
Ry ZkEik Tk v,

5UIt,-tj 5UItjtk Sy,
where | denotes a multi-index (a combination of derivatives) and

Ly _ ii(—l)“*ﬁdiﬂ Ly
L deft dij a“/t,.atjﬁ
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Exterior derivative

If the surface of integration is the
boundary of a volume, ' = 0B, then

[e= [ r— o8
r B

So a necessary (and in fact sufficient)
condition for criticality is that infinitesi-
mal variations of d£ vanish:

6dL = 0.
In other words, if
dL =" Py dt’ Adt' Adt,
i,k
then

af)"fk =0 VI (%)

Double-zero property

If the coefficients of d£ factorise,
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Constructing a multiform for a given symplectic operator

Given a symplectic operator A =, — ¢, and commuting Hamiltonians hy, ha, . ..
Define

Loj = plu)ug — h;[u] where [U] = (T, Uy, U, - - )

dojLoj dojhj

Traditional EL equations: el | & Aty = — ik
ou ’ ou

Assume % = —AQj, so these are consequences of evolutionary equations:

Dtj = QJ[D]v
Then

_10h; Shy oh;  dhy

so QAQ=L(--)

Aiming to have a double-zero expression for d£, we compute

_ _ _ _ d
O Loj — 81.*J-I-OI< = %(Utj — Qj)A(Utk — Qx) — %(Utk — Qk)A(Utj — QJ) + dx (--4)
X e~
Lk
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Multiform EL equations are evolutionary

Theorem

Assume the differential operator A has constant order. Then U satisfies the

Lagrangian multiform principle for £ =7, _; Lydt' Adt/ if and only if

atj = QJ[D] vj

Proof. The coefficients
Pojic = OkLoj — OjLok + doLjx = 5(Ty, — Q)A(Te, — Qk) — 3 (T, — Qu)A(Ty — Q)
of d£ have a double zero on i, = @Q;[u].
For the other coefficients of d£, we find
O« Pijk = 0i Pojic + 0;Poki + Ok Poij,
so Ox Py and hence Py also have the double zero property.
So equations Ty, = Q;[u] imply that T satisfies the multiform principle.

Other implication: depending on the differential order of A, we can find an
equation in the system of multiform EL equations that is equivalent to &, = Q;. B
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KdV: first multiform
Loj = Lu.ay, — hy[a]

2
Loy = %_xl_ltl — %_3 + %D>2<x
L02 = %_Xafz - %_i + %_XD)%X - %D>2<xx
By construction, 5
% = _aX(Dtj - QJ)

L;j for i,j > 0 are not pretty but easily computed, for example

15 = -3

_3=5 5-3— 7-=2 = 3- =2 - - -
L, = glx — @Ux xx + 5 UxUsxx — 7 Ux Uty + 7 Uxx Uxxx + 5 UxUxxx — 3l Usex Urooox

- 5-2 — 5- — - 3-2-— 1-2
+ Uxxxxx + 5uxuxxuxt1 - Zuxxuﬁ - Euxuxxxutl + Zux th - EUXXXX

—_ - -— -_ 1 -_ -— 1 -— —_
+ Uxxxuxxxxx - Uxxx Uxxtl + Uxxxx Uxt1 - Uxx”xt; - Euxxxxx Ut1 + 2 Uxxx Utz

SO
501L01 512L12
1- 3-2 - 3-2 1- 1/- 3-2
I T— f:(Eutl _§ux_uxxx)+(z X+§Uxxx):§ Uy — Uy _Uxxx)
Ol 0uy,
—



KdV: second multiform

_1(72 -
LOj - j(ux + Usxx

By construction,
doiLoj _
su
Lj for i,j > 0 are enormous but easily computed, for example

—B(a, - Q)

- 55 —4— 15 -4~ 54 255 =2 5 —2-2
Uy T F Uyl — Uy Uy +gle — 7 Uy Uy, Unoox + Uy Usox

3= 5-3- sy 5o =2 & 35 - =3z
S Tooooe + STty + B U Tooelixty — 2 Dol Uty — 2T Do Uy + Ty

3 _2 1-2
U T 7 U Urooxx + Uy Usexx Unoocxx

I
|

5 o
w3 T oo oo — 3 5 U Unox Uxooooo

+ o+
”1.

- 3-2- - - 9- — -
Uy U Uxxty — 7 Uy Uxxty 1 20 Usoox Uty + 5 Ux oo Uty

=2 -2 -
U Usoxooonx + 32 7 uXX Uty

- N\u) E'

30 Tt — LoD

12 = =2 = 50 = =
- 7 ooc Uty — % Uxx Uxooox Uty 5 Ux Uxooooc Uty + Uy Uy + 3 Ux Usooc Uty

I
X
<

Tty

Troooc Dhooooor 3 oo Dhoooooex - Thooox Dhoort; — 3 Dhoooo Dhaxty

ISR TN TN 1)

oI

+

1 1 - 1m =
oo Uxxty + £ Dioocox Uxt; — 3 UxooocUxty — 5 Uxooooon Uty + 5 Usoooc Uty

so
do1lor  d12lio
e + e
6Uxxx 6Uxxt2

= (%L_lfl - DXXX) + (7% + UXXX) = %(utl - %_>2< - DXXX)
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Other examples

[Nutku & Pavlov. Multi-Lagrangians for integrable systems. 2002.]
Present bi-Lagrangians for

> KdV

» polytropic gas dynamics

» Kaup-Boussinesq

> NLS

|

These are the same Lagrangians as we find, but their presentation suggest some
educated guesswork was involved.

We seem to have a general method.

Multi-Lagrangian # Lagrangian multiform
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Can we forget about the Hamiltonian side?
How to express the compatiblity of two Lagrangians / two multiforms / two
symplectic operators?
Invertible symplectic operators Z and J are compatible

» if 77! and J ! are compatible Hamiltonian operators

> if Z71 + A7 ! is Hamiltonian

> if

TP AT H =T+ T T+ NPT T+
is symplectic
> if Z, ijll, TT YT YT, ... are symplectic
» if Z7 1 is a Nijenhuis operator
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Conclusions

> A “potential” variable should be defined by a Hamiltonian operator.
It is in a space dual to the original variable.

» This allows us to transform Hamiltonian operators into symplectic operators
and find Lagrangians

» In the traditional calculus of variations, the “higher Lagrangians” give
increasingly weak differential consequences.

In Lagrangian multiform theory, all give evolutionary equations.
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Thank you for your attention!
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